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932. 
ON SYMMETRIC FUNCTIONS AND SEMINVARIANTS. 


[From the American Journal of Mathematics, vol. xv. (1893), pp. 1—74.] 


THE principal object of the present memoir is to develop further the theory of 
seminvariants, but in connexion therewith I was led to some investigations on 
symmetric functions, and I have consequently included this subject in the title. The 
two theories, if we adopt the MacMahon form of equation, 


021-4bo Dm 0+... 
2 6 

may be regarded as identical; but there are still two branches of the theory, viz. 
we may seek to obtain for the symmetric functions of the roots expressions in terms 
of the coefficients (which expressions, in the case of non-unitary symmetric functions, 
are in fact seminvariants), or we may attend to the properties of the functions of 
the coefficients thus obtained and which we call seminvariants. But I do not in 
the first instance use the MacMahon form, but retain the ordinary form of equation 
0=1+b«e+ca*+da?+..., and we have thus only a parallelism of the two theories, 
and in place of seminvariants we have functions which I call non-unitariants. In 
regard as well to these as to unitariant functions, I consider certain operators 
Ө,, A, Р-65, and Q—2eb, which under altered forms present themselves also іп 
the theory of seminvariants. 


As regards seminvariants, I consider what I call the blunt and sharp forms 
respectively: the great problem is, it appears to me, that of sharp seminvariants, 
otherwise the 1-апа-Ғ problem—viz. for any given weight we have to determine the 
correspondence between the initial and final terms in such wise as to obtain a 
system of sharp seminvariants. I obtain a “square diagram” solution, which is so 
far theoretically complete that for any given weight I can, without any tentative 
operation, determine by a laborious process the correspondence in question: but I 
am not thereby enabled to establish or enunciate for successive weights any general 
rule of correspondence; and my process is in fact, as regards practicability, far 
inferior to that which I call the MacMahon linkage, but of the validity of this I 
have not succeeded in obtaining any satisfactory proof. | 

C. XIII. 94 


www.rcin.org.pl 


266 ON SYMMETRIC FUNCTIONS AND SEMINVARIANTS. [982 


I establish ап umbral theory of seminvariants which will be presently again 
referred to, and I consider the question of the reduction of seminvariants. The final 
term of a seminvariant may be composite (that is, the product of two or more 
final terms), and that in one way only or in two or more ways, or it may be non- 
composite. In the case of a composite final term the seminvariant is reducible, but 
the converse theorem that a seminvariant with a non-composite final term is irreducible 
is in nowise true; the reason of this is explained. An irreducible seminvariant is a 
perpetuant. In regard to perpetuants, I reproduce and simplify a demonstration 
recently obtained by Dr Stroh as to the perpetuants for any given degree whatever: 
viz. the generating function for perpetuants of degree n is 


L24"32.-1—2.1—5...1—-2"; 


the theorem was previously known, and more or less completely proved, for the 
values n=4, 5, 6, and 7. Dr Stroh’s investigation is conducted by an umbral 
representation, 

(аж + By + yz t... ^, 2-У-2-...-0, 
of the blunt seminvariants of a given weight. 


I consider in regard to seminvariants the theory of the symbols P—6b and 
Q—2wb, and the derived symbols Y and Z, each of which operating on a seminvariant 
gives a seminvariant. These are, in fact, connected with the derivatives (f, F) of a 
quantic f and any covariant thereof F; but except to point out this connexion, I do 
not in the present memoir consider the theory of covariants. 


The Coefficients (а, b, c, d, e, ...) or (1, b, c, d, e, ...). Art. Nos. 1 to 9. 


1. I consider the series (a, 0, c, d, e, ...), or putting as we most frequently do 
a=1, say the series (1, b, c, d, в,...) of coefficients, the several terms whereof are 
taken to be of the weights 0, 1, 2, 3, 4, ... respectively. We form with these sets 
of isobaric terms, or’ say columns of the weights 0, 1, 2, 3, 4, ... respectively, for 
instance, 

0 1 3 3 4 5 6 


1 b с а е Y XXE 
b? bc 54 be SOf 
b? е cd се 


bo Ca d 
i^. ope 
bc «а 
Misc 
ра, 

Bc? 

bic 

5 
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and generally a set or column of any given weight. In each term, the letters are 
written in alphabetical order. 


Taking the whole or any part of a column, for instance the whole column 
(d, бе, b), or the part (e, bd, c) of the next column, we may by supplying powers 
of а in such wise as to leave unaltered the terms of the highest degree, that is, by 
reading these as (a?d, abc, b) and (ae, bd, с?) respectively, regard them as homogeneous 
sets of a given degree in (а, b, с, d, e,...); and thus generally we may speak of 
the degree of a set of terms. 


The terms of the several columns as above written down are in alphabetical 
order, AO; viz we supply as above the proper powers of a, reading for instance 
col. 4 as а?е, abd, а?с?, ab’c, bt, where the terms are in alphabetical or dictionary order. 


Each column is derived from the preceding one by Arbogast’s rule, it being 
understood, for instance, that bt, that is, abt, gives the two terms ab'c and 05, that 
is, bèc and 05; and so in other cases. 


2. We attend in particular to the non-unitary terms, or non-unitaries, eg. in 
col. 5, f, cd, which contain no b; and to the power-ending terms or power-enders, 
бе, b, which end in a power. It wil be observed that, whenever by Arbogast's 
rule a term in one column gives two terms in the next column, the second of 
these is a power-ender; and thus in any column the excess of the number of terms 
above that in the preceding column is equal to the number of power-enders. 


3. I consider the notion of conjugate terms: representing, for instance, the terms 


Li be cd 
by dots in the form 


and reading the number of dots. in columns instead of in lines we derive the 
conjugate terms 
b bèc be, 


and so in other cases. It is clear that the relation is a reciprocal one (thus the 

conjugates of b, b'e, bc? are f, be, cd respectively. Moreover, a term may be its 

own conjugate; thus cd’, arranging the dots in lines and reading them in columns, 
: is again cd? | 


It is at once seen that non-unitaries and power-enders аге conjugate to each 
other; hence in any column, the non-unitaries and the power-enders are equal in 
number, and a preceding result may be stated in the more complete form: in any 
column the excess of the number of terms above that in the preceding column is 
equal to the number of non-unitaries or to the number of power-enders. 


4. The terms of the several columns may be arranged ia counter-order CO, thus: 
34—2 
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0 1 2 3 4 5 6 
1 b с а ELM. S M 

b? с а be bf 
b e cd: се 

be ға be 

bs be d 
Әс ба 

b^ ға 

e 
b? 

bte 

5 


viz. we arrange here according to the highest letters. 


[932 


The counter-order is, in fact, 


the alphabetical order with the reversed arrangement (..., g, f, е, d, c, b, a) of the 
alphabet, but in the separate terms we retain the alphabetical order, thus writing 
as before bf and not fb. Observe that the difference between the two arrangements, 


AO and CO, first presents itself in the col. 6. 


In this CO arrangement, each column is derived from the next preceding one 
by a rule as follows: We operate on the lowest letter of each term, being a simple 
letter, not a power, by changing it into the next highest letter, and we further 
operate upon each term by multiplying it by b, the operation or (as the case may 
be) two operations upon any term being performed before operating upon the next 


term. 


5. If we compare a column in AO with the same column in CO; for instance 


AO CO 
9 9 
bf bf 
ce ce 
d? be 
5% d? 
bcd. bed 
@ ға 
bid. e 
be be 
bte b*c 
be be 


AO 


g 
of 


CO rev. 
bs 
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it wil be seen that the terms are conjugates of each other, the first and last, the 
second and last but one terms, and so on; or, what is the same thing, if we reverse 
the order of either column, then the pairs of conjugate terms will appear each in 
the same line; of course, here a self-conjugate term such as bcd is put in evidence. 


6. Ву writing 6, 06,60, d, ...—0,, а); dy 6) 70.) Or more апару 0, 1, 2, 9, ...; 
we connect the theory with that of the partition of numbers: in particular, the 
terms of a given weight correspond to the partitions of that weight, or number of 
ways in which that weight can be made up with the parts 1, 2, 3, .... It may be 
remarked that, in a partition, the parts are usually written in decreasing order, 
whereas (as remarked above) in a literal term the letters are written in alphabetical 
order. Thus we have 321 and bcd; it would be more correct to write the partition 
as 123. 


It is frequently convenient, retaining the letters b, c, d, ..., to write for instance 
{= а, (c a numerical suffix) meaning thereby that 4 is the letter corresponding to 
the place o in the series 1, 2, 3, .... If instead of the indefinite series (1, b, c, d, ...) 
we consider, as is sometimes convenient, a definite series of terms (1, b, c, ..., 9 =а,), 
then o is said to be the “extent” of the system. The next preceding letter p will 
naturally be =a,_,; and if, increasing the extent by unity, we introduce a new letter 
r, this wil be аг, and so in other cases, the notation being for the most part 
used merely as a convenient way of showing the place of a letter in the series. 


7. Considering the terms of a given weight, or say a column, in AO or CO, 
we may represent any portion of the column by means of its initial and final terms, 
say I and F, by the notations Јао? and ТсоР respectively But a much more 
important notation is ТсаҒ; viz. this represents the series of terms of given weight 
which are in CO not superior to J, and in AO not inferior to F (a like notation, 
which however I do not employ, would be Jac’; viz. this would denote the series 
of terms which are in АО not superior to J and in CO not inferior to F). The 
definition of ТсаҒ has been given in the above general form, but we are in fact 
exclusively or chiefly concerned with the case where J is a non-unitary and F a 
power-ender. It is to be observed that, considering the AO column as given, then 
to form from it the set or interval Jcaf we may disregard altogether the terms 
which are in the AO column inferior (posterior) to F, for by the definition none of 
these enter into JcaF, but it may very well be that there are іп ZcaF terms which 
are in the AO column superior (anterior) to /. Ап instance of this first presents 
itself for the weight 11; viz. here a portion of the AO column is (fg, bj, bci, bdh, 
beg, bf?, ch, cdg, ...): hence in JcaF, if the initial term be ch, for instance іп 
Chcab??, we have terms fg, beg, bf? which are in AO anterior to the initial term 
Ch. In order therefore to form /саЁ' from the AO column, we must first take the 
terms (if any) which being in CO posterior to 7 are in the AO column anterior to 
I, and then from the portion Jao# of the AO column reject the terms (if any) 
which are in CO anterior to 1. In particular, starting from the AO column, and 
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arranging the non-unitaries thereof in CO and the power-enders in А0, for instance, 
weight 12, these are 


т 9: 
ck cf? 
dj e 
eb. bf? 
e bde 


fh cte 


There is no diffieulty in writing down the terms of the several sets or intervals 
meag’, mcacf?, meae, ..., сесад" ckeaocf?, .... 


Instead of ca we may, if we please, use, and in fact I generally use the conventional 
symbol oo, or write mog’, m oocf?, &c. In any such set, the terms need not be 
arranged in AO; if for any purpose it is more convenient, they may be arranged in 
CO; but of course the definition of the meaning must not be departed from. The 
. expressed initial is the highest term in CO, and the expressed final the lowest term 
in A0. ; 


8. I diminish a term by replacing successively each letter thereof by the next 
inferior letter; for instance, if the term is cdf, then the diminished terms are 
Dedf, = bdf, cf, cde, and so ғау, =bdf, b’cf, bde (where the diminished 6 is a, 
that is, 1). Conversely, we may augment a term by replacing successively each letter 
thereof by the next superior letter; for instance, Аб4% = у, cdf, bef, bdg, where 
the first augmentation 07 is obtained from the а (which may be regarded as latent 
in the term operated upon) Operating upon the letters in order beginning with the 
lowest, the several diminutions may be called D,, D,, В), ..., and the several aug- 
mentations A,, A,, А,, ... (where А, is in fact multiplication by b) We diminish a 
set by diminishing successively the several terms thereof (the diminished terms being | 
taken without repetition; that is, each such term once only) Similarly, we may augment 
a set by augmenting successively the several terms thereof (the augmented terms 
being taken without repetition) It is to be noticed that the two operations are 
not reciprocal to each other; if we diminish a set, and then augment the diminished 
set, we obtain indeed all the terms of the original set, but in general we obtain 
also terms which are not included in the original set. 


9. It requires some consideration to see that we have D (I œ F)=(D,I œ DF), 
where DF is the diminution performed upon the highest letter of F. Take any 
term M of D(I æF), the several diminutions D,M, D,M, ..., DsM are arranged in 
descending order: Р, М the highest and .D,M the lowest, as well in CO as in 40. 
If then D,M is іп CO not superior to D,7, then all the DM's will be in CO not 
superior to П.Г; and similarly, if DM is in AO not inferior to DF, then all the 
DM's wil be in AO not inferior to DF. And this being seen, then if we take 
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N а term of (D,I o» DF), and consider the successive augmentations A,N, AN, ..., AN 
of №, then these will be in ascending order A,N the lowest and A, the highest 
in CO as well as in AO. It may happen that А) М or this and neighbouring terms 
are in CO higher than J, and that A,N or this and neighbouring terms are in AO 
lower than F, but there wil always be a term or terms which is or are in CO 
lower than 7 and in AO higher than F; and thus not only every term of Р(Го Р) 
will be a term of (D,Z œ DF), but conversely every term of (D,Zo DF) will be a 
term of Р (Г o F), and we thus have the required relation D (I © F) 2 (D,I o DF). 


Symmetric Functions of the Roots. Art. Nos. 10 to 31. 


10. We consider a set of roots a, B, y, б, e, ... either indefinite in number, or 
else definite, for instance а, В, y, 8. The symmetric functions (rational and integral 
functions) are in the first instance denoted in the usual manner 

Sa=a+@B+yt+64+..., 88 =aß +ay+ Ву +..., 
Sa? = PR + a(8* + оу + ay? + By + Bn? + ..., 

viz. the S refers to all the distinct combinations of like form with the combination 
(а, aß, or a8, as the case may be) to which it is prefixed. By omitting the 8 and 
instead of the roots considering merely their indices, these same symmetric functions 
would be 1, 11 (or 1°), 21, &c, and then if instead of the numbers 1, 2, 3, &., we 
introduce the symbolic capital letters B, C, D, ..., the same symmetric functions 
will be represented as B, B?, BC, &c. (21, that is, 12 is written as BC, and so in 
other cases, the letters in alphabetical order) The letters B, C, D, ... are considered 
as being of the weights 1, 2, 3, ... respectively, and thus the symmetric functions 
of a given degree in the roots are represented by the terms of that weight in the 
symbolic letters B, C, D, ..., thus the symmetric functions of the degree 4 are Æ, 
BD, С°, BO, Bt; of course these terms may be arranged in AO or in CO as may 
be most convenient for the purpose in hand. The capital letters B, C, D, ... are in 
fact umbre, but to avoid confusion with subsequent notations I do not in general 
thus speak of them. А form such as 802 ог Sa*8? in which there is no index 1, 
is said to be non-unitary; but a form Өл ог 808, in which there is an index =1 
or two or more indices each —1, is said to be unitary: or, what is the same thing, 
in the symbolie representation by capital letters, the form is non-unitary or unitary 
according as it does not or does contain the letter B. 


11. In the ordinary theory of symmetric functions, we connect the coefficients 
(1, b, c, d, ...) with the roots (a, B, y, ...) by the equation 


1+ba+c#+de+...=l—ax.1—Be.1l—-y..., 
and we thus have 


bee! +0 y t; sha, =), «В, 

+с=48 +ау+ Ву+..., -ба8, -M, = В, 

–4= 08у +... зо иу, = ee e. 
&c., ёе. ; 
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and it is to be remarked that, for any given number of roots, there will be this 
same number of coefficients: we may for instance have 
1 + ba + ca? + da? = 1— az.1— 82.1 — уг, 

that is, 

di b =a “Р в ЕЕ у, 

+ в = af + ау + Ву, 

-d =aBy; 


and similarly if the number of roots be =4, or any larger number. 


12. The symmetric functions of a given degree, say 4, in the roots, viz. 
Sat, Seg, Seg, Sew, авд, 
4... 91, 2?, 21°, 1“, 


ог 


ог 


Е, BD, C2, BC, Ж 
are equal in number to the combinations of the weight 4 in the coefficients, viz. 
eo ME e, bc, 6; 


and the terms of the опе set are іп fact linear combinations (with mere numerical 
multipliers) of the terms of the other set; but more than this, we have for instance 


e= «Вүд + ..., that is, e= В: 


bd = (a 4- 8 - y - д...) («Ву + a88 + «уб + Вуд...) contains only terms a'y and aj8«8, 
that is, bd is a linear function of С and Ж: 


c? = (aß + «у + од + Ву+ 8 + уд...) contains only terms 28° a'y and а уб, that 
is, е? is a linear function of C?, Б?С and B*; and so on. 


13. We have in fact the Table IV (a) which I quote from my paper * A Memoir 
on the Symmetric Functions of the Roots of an Equation," Phil. Trans. t. 147 (1857), 
pp. 489—496, [147], 


Sof = 45 * 1 
Sop = 31 = BD TR eur *4 
вер - Ф-с | | [ааа 
Sa?By = 21° = РС к +1| +2| + 5 +12 


баВуб- 14 = В“ +1) +4) +6) +12 | +24 


inserting on the left-hand outside margin the new symbols Æ, BD, &c., with their 
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explanations: the || indicates that the table is to be read according to the columns, 
e=+ 1B! bd=4+1BC+4+45', бс. This table gives conversely a Table IV (b), read 
according to the lines and serving to express the symmetric functions Ё, BD, &c., 
as linear functions of the combinations e, bd, с, 5%, bt of the coefficients. 


14. Тһе (a) and (b) tables are given in the Memoir up to X (а) and X (b): 
it is proper to quote here the (b) tables up to VI(b) with only the change of 
substituting on the outside left-hand margins the literal terms such as Ж, BD, &c. 
instead of the symbols 4, 31, &c., originally used to denote these symmetric functions— 
it is to be observed that the left-hand symbols are in AO, the upper symbols in 
CO, this distinction first manifesting itself in the Table VI(b), so that it was necessary 
to go as far as this in order to put in evidence the true form of the tables. 


II (6). TII (b). IV (b). 
= с p = d be 5 = е ба |; € 5% b: 
D| -3| +3} -1 Ej -4| +4| +2] -4 1 +1 
ЛЕГІ Т ШШЩ 
wir e cena 
se М s. 
L1 9 9 orm ІШ neni al 


D. 411% 35 
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VI (b). 
ы 4 bf c е д bed ғ с ғо Be Ww 


[А - 6| +6) +6 -& "ug Еу cur 


BFI ыты те 41152894 2745 0810x411 


CE | + 6 —6 +2 +2 -3 + 4) —2 Е) Т | 


DP} + 3| -3| -3 «81 43 СӨ +1 


РЕ|-6|-1| +2; -1| +3 p= 3| +1 


BOD |—12] 475) 44 412-816-900 1 


e| saa 2d e 


BD |+ 6; -1| -2j +1 


BU ye Oa КЕРИ 


ВС|- 6| +1 


JI es | 


It is hardly necessary to remark in relation to these tables that if there are 
only two roots, then d = 0, &c. viz. Table II. is not affected but all the subsequent 
tables assume a simplified form; if there are only thr.e roots, then e=0, &c., viz. 
Tables IL and ІП. are not affected but all the subsequent tables assume a simplified 
form; and so on. | 


15. We have between the differential symbols 0, 0, 04, ... and ða, Og, O,, ... 
certain relations which it is interesting to develop: it will be convenient to consider 
successively the cases, three roots, four roots, &c. ў 


In the case of three roots, starting from 
—b-a +8 +y, 
c= 48 + ау + Ву, 

— d = af, 


we have 
9, = — д, + (B + y) д, — Вуда, 


дв = — д + (у + a) д. — yada, 
д, = — дь + (a + 8) д. — ада, 


equations which give conversely 0j, Oe, ба as linear functions of ô., дв, 0,: I write 
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down the three equations thus obtained together with a fourth equation which I will 
explain. The four equations are 


“Othe qo s gor аети 
7% сое жга кы тед Yi 
АТЫ ere ee cer 
uh eeu t.e ш 3 


In verification of the last three equations, observe that they give 
— 0, + (8 + y) д. — Вуда 


, 0 —a(B-- wy) By g — 8(BgB--y)- By y' — y (8 + y) + Ву 
^ A— a—8.a—wy ^et В-у.8-оа is y—-a.y—8 д, 


that is, —2+(8 + у) д. – Вуда =a: and similarly from the same three equations we 
deduce the values of дв and 0,; the three Ше ар are thus equivalent to the 
foregoing three equations for ða, дв, Oy- 


As to the first equation, to avoid confusion with a root 6, I have written therein 
& (afterwards replaced by б) to denote the degree of a function homogeneous in 
(a, b, с, d), upon which the symbols are supposed to operate; this is also the -degree 
in the roots a, 8, y. The four equations give 


à? + ba? -- ca + d 
a—B.a— 


— а (Oa — 8’) — bd; — c0, — dOa = д, + &c., = 0, 


since : 
a+be+tcat+d=0, 8+ 8+ 8 +1 = 0, б +by+cy4+d=0. 


The equations thus give 
ада + 00, + cO, + ада = 9, 


which is right, and the first equation is thus verified. 


16. From the last three equations for дь, д, да, we deduce 


За? et 38° + 258 + с Sy? + 20у + c 

30; — 209, y= 1 CAR оа Se аш Ana 

А TESTE BLA Boy SENT qua. ya B 
ее | 


Gy, 


a result more easily deducible from the first set of three equations for 0,, Op, Oy: 
but I have preferred to obtain it in this manner for the sake of the remark that 
it is a peculiarity of this combination of 0, 0,, да that the coefficients of 3a, 0g, 0 


35—2 


Y 
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become integral functions of the roots (in the actual case constants and =1): for a 
somewhat similar form 


сва о. оё+аб „| oy dy 


Dr dde), „ей? T. SERPENT "ONE hist TEC , 
(0 + ад.) a—f8.a—»y B—y.8—a В y-a.y-B ” 


the coefficients are fractional. 


We at once have 
а0, + Bog + уд, = bay + 200, + 3404, 


viz. these symbols operating upon a function of the roots of the degree w, or what 
is the same thing, a function of the coefficients of the weight о, are each of them 
equivalent to a constant factor о. 


Again, we have 
a0, + (80g + yy = — (0° — 2c) д, — (bc — За) д, — 0404, 
= = b (60, + CÓ, XE ада) + 2cd, + 3do,, 


or since ада + 00 + сд, + do; = 8 (if as before 6” is the degree of the function operated 
upon) and therefore 00; + с0,+ dda = 9'— ад, or say —9'—0,, this is 


0, + BIg + уду = — 08' + 00, + 200, + 3d0,, 
so that we have here another form — 06 + 00, + 2cd,+3d0,, for which the coefficients 
of 0,, дв, Oy are integral functions of the roots. 
17. In the case of four roots, the corresponding equaticns are 
—b-a +8 +y +6, 
+c=a8 +ay +45 + Ву+ 8+ үд, 
— d = aßy + «88 + ауд + Byè, 


+ е = «Вуд, 
and we then have 


д„ = — дь + (B + y + 6) 0, — (By + BÒ + yò) да + Bydde, 
дв = — д; + (y + È + a) 0, — (96 + уа + да) 04 + губа0,, 
dy = — 0, + (9 + a + 8) 0, — (da + 68 + a8) 04 + calde, 
ôs = — д + (a + B + y) 06 — (aB + ay + Ву) да + ao, 
and the converse set of equations, which for shortness I write in the form 
—0a+ 8, – д, -0%, – да, – 9, 


аъ % 21,0 М; 3, 2,1,0 у 3, 2, 1, 0 6% 8, 2, 1, 0 


dui rcm m pert муйын |20 Ж mom aro ys ae 


AEEY аа. Ba н 
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We have, in like manner as in the former case 


— 40, — 300,- 2сба- д, = Oct p+ + 2s, 
bon + сд. + dOg-- ед, = 00, + Вдв + уду + 60, =o, 
— 00 + b0q + 260, + 340, + 4e04 = 0, + {8°дв + yy + 8°05 ; 
and similarly in the case of five or more roots. 


18. In the case of o roots, I write m=a,, and for shortness 
Or =T + (с — 1) 00, +... T M ae 
P= b0q + 2cd, + 3d0, + ... +o'ma;, 


so that, besides the equation 060,+c0,...+m0,=Sa0,=, the foregoing investigations 
show that we have 
Ө, a i Sd. 
Р – 08 = Se, 


The operand for these symbols is a symmetric function of the roots, which is thus 
also a function of the coefficients: it is of the degree о in the roots, and consequently 
of the weight in the coefficients, and its degree in the coefficients is taken to be 
=6. It is sometimes convenient to represent this operand, quà function of the roots, 
by Т and, quà function of the coefficients, by U, so that we have in general T= 7. 
If T be a non-unitary function of the roots, then we may say that T, —U, is a 
non-unitariant. 


19. I give some illustrations of the equation Ө, = —Sd,. Suppose 
T =U = Sæ = E = — 4e + 4bd + 20 — 40е + b 


(Table IV (b)); с’ must be =4 at least and I take it to be 4 and 5 successively ; 


we thus have . 
©, = 40, + 3b0.+2cda+ do,, 


Ө, = 50; + 400, + 304 + 24д„, 
omitting from ©, the term ед, which is obviously inoperative. For any number whatever 
of roots, we have 
— S0,. 8а 2 — 48а =— 4 (— 3d + 3bc — 0%), —12d — 12bc + 40°, 


and this should therefore be the value as well of Ө,Е as of Ө,Е. The calculations 
may be arranged as follows: 


Ө,Е 
4. 4d—8be + 40° d+16 —4 12 
3b. 4c — 40? be —-32+12+4+8 — 12 
9с. 4b | b+16—12 +. 4, 
d.—4 
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Ө,Е 
5. 4d—8be + 4b d — 20 ал 1% 
4b. 4c — 4 bc — 40 +16412 218 
3c. 4b 02 + 20 —16 Lu d. 
do-4 


giving in each case the right result. 


[932 


20. In the foregoing example, Sa‘ was a non-unitary function of the roots, but 
I take the case of a unitary function. Suppose 


T-U-SwB8-— BD = 4e — bd — 26 + bsc. 


Here — Ka. 808 is not independent of the number of the roots; in the case of 4 


roots, we have 


— Sd, . 88 = — 3808 — 380, = —3(8d —bc) — 3 (— 3d + 3bc — b’), = 0d — 6bc + 30°; 


and in the case of 5 roots, we have 


calculations are 


The 


— Sd, . SB = — 3528-4500, =-— 3 (3d — 0с) — 4 (— 3d + 8bce — 0), =3d — 9bc + 40°; 
and these should therefore be the values of @,BD and €G9,BD respectively. 

Ө,Вр 

4 .— d+2be d —4 +4 0 

3b.—4c+ D bc +8—12-2 — 6 

2c.— b ps 43 +8, 

0.+ 4 

6,BD 

5 .— d+2be d—5 +8/ +8 

4b.—4c+ 0 bc --10—16 – 3 2/9 

ӛс.- b b + 4 | +4, 

2d.+ b 


giving in each case the correct result. 


We have 09,— 9,— 0; 4-00, + c0a+do., and the 


examples show that performing this operation on the non-unitariant Sa‘, =H, we 
obtain a result =0; whereas for the unitary function 95028, = BD, the result is not 


= 0. 


21. Considering the question generally, I take the highest coefficient in U to 
be 4-а (c equal to or less than о), or what is the same thing, the extent of U 
to be =ø; this implies that о” is at least =o; and taking it to be first =o, and 
then to be any number greater than c, we have 


9,——S80,, Ө„=— 80,, 
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where the function U operated upon by Ө, and Ө, respectively is in each case the 
same function of the coefficients. It is easy to see that, if T is а non-unitary 
function of the roots, then whatever be the number of the roots we have S0,.T —a 
determinate symmetric function of the roots, and consequently = a determinate function 
of the coefficients. We thus have 0,U and 0,U equal to each other; that is, 
ў (0, — 9,) U=0; 
we may write 
Ө, =с0,+ (с —1)00, +... + pea 


Ө, = с'0 + (с — 1) 60, +... + (o — o +1) po,, 
for the subsequent terms of ©,, as involving 0,, 0, &c. are inoperative; hence 
writing | 
A=0,+ 00, + cO; + eee + pos, 
or aS we may more simply express it 


A=0,+ 00, + cd; + M 


we һауе Ө, – Ө„=(с'—ес)А, and consequently AU —0; A is thus an annihilator of 
any function U of the coefficients which is equal to a non-unitary function of the 
roots; or more shortly A is an annihilator of any non-unitariant. 


22. Similarly from the two equations Ө„=—5д„‚ and Ө,-- S0, regarded as 
operating upon a non-unitary function, we deduce o'8,— eO, = (с — o’) 80,: the left- 
hand side is here = (с — o^) A,, if 

A, = bd, + 209 + 8сда +... + (c — 1) po,, 


or say 
A, = 00, + 200, + 8004 F ..., 


viz. we һауе Д, = S0,; for instance, if as before 


T= U = Sat = — 4e + 4bd + 2c? — 400 + bY, 
then 


(bd, + 2сда + 3d0,) (— 4e + 4bd + 2c? — 4b*c + bt) = S0,. Sat, = 480, -—4(—3d-3bc— 03), 
as can be at once verified. It is to be noticed, however, that Sd, operating upon a 


non-unitary function of the roots does not in every case give a non-unitary function; 
and thus successive operations with A, will not give a succession of non-unitariants. 


23. I investigate the foregoing result in regard to A in a different manner; 
suppose, for instance, that Т = U is the non-unitary function Sa‘ of the roots, 
(= — 4e + 4bd + 2c? — Al?c + 0%). 
The number of roots is at least =4, and I take it to be =4, say the roots are 


a, B, y, & Consider a fifth root 0, and let T,= U,— бо be the like function for 
the five roots, we have T,=T+6, or say U,=U +0. Write —b,, а, —d,, в, —/, 
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for the symmetric functions of the five roots; U, will not involve f, and it will be 
the same function of б, c, d, e, that U is of b, c, d, e, say we have 


у= U (b, 6, d,, е,). 
b,=b-0, ос,=о—ЬЫ0, а,-а-сб, e-e—d6; 


But we have 


and thus the foregoing equation (Л = U + becomes 

U (b — 0, c— 00, d— c0, e—d0)=U+6; 
it is in fact easy to verify that, for the foregoing value of U, the terms in 0, 6*, 6° 
all vanish, and that the expression on the left-hand becomes = 7+ 6. But attending 


only to the term in 0, this is — — 0 (0+ 00, + сда + dde) U, —— ВАС; viz. this term 
vanishing we have AU —0, the result which was to be proved. 


In the case of a unitary function, for instance T= U = S48, here introducing 
the new root 0 we have U = С + 0Sa + 08а; or there is here a term in 6, and 
instead of AU —0, we have AU = Se?, or the unitary function is not annihilated by A. 


The foregoing investigation is really quite general, and establishes the conclusion 
that A is an annihilator of every non-unitariant. 


It is to be noticed that ©, and A are operators, which leave each of them the 
degree unaltered but diminish the weight by unity: the operator P — bò, and another 
operator 40 – ёо which will be considered, increase each of them the degree by unity 
and also the weight by unity. 


24. Coming now to the equation 
P — 08 = 8020, 
it is to be remarked that, if o’=o, the expression for P ends іп 90, where, as 
before, q = а, is the highest coefficient in the operand; since the operand thus contains 


q, the next succeeding teri in 70, would be not inoperative, and in order to include 
it in the expression of P we may take с=с +1; we thus have қ 


Р = 00, + 200, + 3d0, +... + (c + 1) 0,, 
or ав we may more simply write it 
Р = bo, + 2с, + 3d0, + ...; 


the operation thus increases the extent by unity. The symbol 8070, operating upon 
a symmetric function of the roots, gives, whatever may be the number of roots, the 
same symmetric function of the roots: and we see further that, operating upon a 
non-unitary function, it gives а non-unitary function of the roots. Hence Р-%6 
operating upon a non-unitariant gives a non-unitariant. I give an example. 


25. Suppose, as before, 
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here 6=4, and therefore 
P — bÒ = bda + 200, + 840, + “еда + 5/0,- 4b. 
Kada . Sat = 4805, =4 (— 5f -- 5be + 5cd — 5bd — bbc? + 503 — b5), 


We have 


and this should therefore be the result of the operation P — 8: the calculation is 


b . — 12c + 864 + 4c? — 40% Jd — 20 — 20 
2c. | 4d — 8bc + 40° be | —12 +16 +16 | +20 
3d. 4c — 4b? cd + 8412 + 20 
4e. 4b bd |+ 8 — 12 —16 | – 20 
5/.- 4 b? | + 4-16 — 8|-—20 
-40.- 4e + 4bd + 20 — 4c 05 Dc |- 44 8 +16 +20 
b5 - 4|— 4, 


which is the right result. 


We have seen that every non-unitariant is annihilated by A; it at once appears 
that conversely every function of the coefficients which is annihilated by A is a 
non-unitariant: it is, in fact, a symmetric function of the roots, and unless it were 
a non-unitary function of the roots it would not be annihilated by A. Non-unitariants 
are analogous to seminvariants; the precise relation between them will be shown 
further on. 


26. We can, by an investigation similar to that for seminvariants, show that 
P —b8 operating upon a non-unitariant gives а non-unitariant. In fact, considering 
the two operations A and P —– 00, we have 


A (P — 68) += A (P — b8) + A. (P — b8), 


the meaning being that, if upon any operand U we perform first the operation P — 08 
and then the operation A, this is equivalent to operating on U with the sum of 
the two operations A(P— 08), and А.Р bò, the first of these symbols denoting the 
mere algebraical product of A and Р -— 65, the second of them the result of the 
operation A performed upon Р – 00. We have similarly 


(P — b8) At =(P — 08) A + (P — b8). A. 


Hence observing that А(Р-06) and (Р —58)A are equal to each other, and 
subtracting, we have 


A(P - bò) + — (P — bò) AT = А. (Р —06) - (P — bô). A. 
But from the values 


А = ад; + 60, + сда +... А 


and 
P — bÈ = 00, + сд + doe +... — bÒ, 


0. XL. 36 
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we find 
A. (P — bÒ) = ад, + 200; + 300, +... — 8, 
(Р-06).А- bo, + 200, -- ..., 
A.(P — bò) — (P — bò) А = a0, + DO, + c0, ... — Ò, = 0, 
since 8 is the degree in the coefficients. Hence writing down the operand U, 
A.(P—b8) U—-(P—b8). AU-0, 


where for greater clearness I have inserted the dots, to show that A operates on 
(P —b8) U, and (P —58) on AU. Taking U to be a non-unitariant, we have AU=0; 
and this being so, the equation gives А.(Р-06) U —0, viz. this shows that (P — bò) U 


is à non-unitariant. 


and thence 


әт. There is another symbol 20- bw, which is precisely analogous to Р- 06, viz. 
operating upon a non-unitariant, it gives a non-unitariant: œ is, as before, the weight 
of the function operated upon, and the expression of Q is 


50 = co, + 3d0, + беда +... + фс (o + 1) 70), 
30 = c0, + 3d0, + беда + .... 
The proof is exactly similar, viz. we have to show that 
A.(4Q — bw) – (10 – bw). A=0. 
A . ($Q — bo) = b0; + 300, + 6d04 +... — о, 
(4Q—bo).A= CO, + 8004 + ..., 
and the difference of the two expressions is 
00, + 2c0, + Зада + ... — e, -0, 


since w is the weight of the function operated upon. Hence, as before, if U be a 
non-unitariant and therefore AU —0, we have A.(3Q— бо) U=0, that is, (20 — bw) U: 
is also à non-unitariant. ; 


ог вау 


We have 


28. The symbol 40 – іо has no simple expression in terms of ða, Og, 0,, ..., 
and the form varies with the number of the roots: thus for 3 roots, it is 


со? + 3da 
tet eas EE ba) д, + we. ; 


for 4 roots it is 
(ИА ( ca? + Зао? + беа 
5 РЕСЕ ЛЕСИ М. 


Nu бег Заа? + бео? + 10fa 
a—8.a—y.a—60.a—e 


+ ba) Oa + ве}, 

for 5 roots it is 

+ ba) an +4), 

and so on. It is not easy to find the effect of such a symbol upon a given 


symmetric function of the roots, nor in particular when the function is non-unitary 
is it easy to show generally that the result is non-unitary. 
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It is to be remarked that, if the function operated upon is of the degree ё in 
the roots, then we must for 4Q—bw take the expression with 6--1 roots; for 
instance, if the function be of the degree 5 in the roots, then, quà function of the 
coefficients, this contains f, and it must be operated on with 


$Q — bo, = сд, + 3d0, + беда + 1070, + 1590; — wb, 


viz. this expression, as containing g, gives the 6-root expression for iQ — бю. 


29. Suppose for instance the function operated upon is = Sc; here taking 
the 6-root expression, this gives 


e | (= + 3da* + бео? + 10fa? + 15ga 


SEE oy E wee КОЕП ba) at + е, 


or omitting for the moment the outside factor —5, the expression in { } is easily 
seen to be 


= cH, + Зан, + 6eH, + 10fH, + 15g + 0805, 


where H,, H;, H., Н, denote the homogeneous functions of the degrees 4, 3, 2, 1 
respectively: the values of these are obtained by adding together all the lines of 
the Table IV (b) all the lines of the Table ІП (0) &c.: the terms exclusive of 
6505 thus are | 


c (— e + 204 + с? — 3b’ + 6) 
+ 3d(—d-2bc — 0) 
+ 6e(—c+ 09 
+ 10f (~b) 
+ 150. 1, 
and these are = 82% + 808° + Sap, as appears by the following calculation: 
Sa®B Sa*B? боз 


9 +15 | +15|+6 +6 +8 | +15 
bf — 10 -10|-1 -6 -3|-10 
6122.1 = 6 а e T 
be +6 + 6;+1 42 +3 |+ 6 
d? Eg - 3;-3 -8 %3|- 3 
bed | +2 +6 + 8147 +4 —3]+ 8 
bd — 3 eS ep жы, Ot 08 
Stal ee Le 2-І od 
bc? | — 3 - 8|-4 +1 - 8 
ре | +1 9 Еа + 1 
5 


86-2 
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The omitted term 08500, that is, — Sa. Sc, is - 509-868; the addition hereof 
destroys therefore the  non-unitary term Sa°@, and thus the required expression, 
restoring the omitted factor — 5, is — 5 (— 80 + 808° + 808°), or say = 50 —5CE — 5D. 
a non-unitary form: this then should be the result of the operation 


қ à i Q — bo, = 00, + 840, + беда + 10/0, + 1540; - 5b, 
performed upon 


а? = F = – 5f + 5be + 5ed — 54 — 5Ье + 5° = b. 
Performing the calculation so as to omit on each side a factor 5, it is to be shown 
that G — CE — D? is 
= c (e — 2bd — с + 3b’c — b*) 

+ 3d(d—2bc + b’) 

+ Ge (с — 0’) 

+ 10f (b) 

+ 150(- 1) 

— Bb(—f-be- cd — bd — be? + bic — 105). 
Collecting the terms, and comparing the result with the expression for G — CE — D», 
we have 


G— CE – D? 
9 — 15 -15|- 6 -6 -3 
bf +10 +5] +15|+ 6 +6 +8 
ce | +1 +6 +7/+ 6 —2 +3 
be -6 -5| -П|- 6 -2 -3 
Ф +3 +3/+ 8 +3 —3 
bed | - 2 — 6 —5| -13|—12 —4 +3 
ға +3 +5) + 8/+ 6 +2 0 
Ф| – 1 - 1,1-9 42 +1 
bc? | + З +51 + 8/+ 9 -1 
bc | — 1 -5| - 6|- 6 
% О О ҒА 


and the two expressions are thus identical. 


30. Suppose again, 6 roots as before, and that the function operated upon is 
52°; we find 0,2587 = Za Sa + 2aSa? — боб, and the general term is 

са + Заа? + бео? + 10fa? + 15да 

ES ; 
(ЗУД с 
(= + Зао* + бео? + 10fa? + 15ga 
ШЕ Е НАУРУ 
a—8.a—y.a—80.a2—e.a—t 
- (ca + 3da* + беа? + 10% + 1500 
-5(-------ы----- 
Sey Pre es 


+ ba) a? . Sa? 
+ ba) a . а? 


+ ba) ai, 
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This gives 
— 3 (CH, + Зан, + бе + 5803) Sa? 
— 2 (CH, + 3d + 5802) Se 
+ 5 (CH, + Зан, + 6eH, + 10fH, + 15g + 654), 
which is found to be 
= —3(BD+C? + dSa*) баз 
—2(BC + 58502) So? 


+5(BF + CE + Р + ba’). 
Here 
bSe? = — Зао? = — Sat — 88, = — Е – BD, 
bSe? = — Зао? = — 82° — 88, = – D— ВС, 
and 
bSa’ = — SaNa = — Sa! — S8, =—G— ВЕ; 


the expression thus is 


=-3(-£+0C0").C that is, — 3 (— Sat + Sag?) Sa? 
—2(-D Эа — 2 (— Sa? )Se 
+5(-G+CE+ D’), + 5 (— 8а + 88° + Sa?) 


Here 
Sa’Sat = 86 + 808, =(@-+ СЕ, 
KaKa ‘= баб + 28028, =G+ 2D? 
Sa*Sa?Q? = S118: + 350589; = СЕ + 30°; 


—3{-G-CE+ (CE + 3C?) 
— 2(— @— 2D?) 
+5(—G+CE + Т), 
which is = 50H +9D*—9C* (a non-unitary form) This then should be the value of 
$Q — bo, = c0, + 340, + беда + 10/0, + 1590; — 5b, 
Seg, = CD = 5f — 5be + cd + 2b'd — be’, 


31. There is for non-unitariants a theorem which is a much more simple form 
than the transformation of it afterwards obtained for seminvariants: viz. for any 
non-unitariant we have AU=0=(0,+b0,+cda+...)U; attending only to the portion 
U’ of. U which is of the highest degree, it is clear that we have (00,+ c0; +...) С = 0, 
and if we herein diminish the letters, then (0, + 80,--...) Г”-0, where U” is what 
U’ becomes by a diminution of; the letters; that is, U” is а non-unitariant, viz. in 
any seminvariant, the terms of highest degree U’ are obtained from a non-unitariant 
U” by a mere augmentation of the letters: eg. 2e— 2bd--c? is a non-unitariant 
weight 4; augmenting the letters, we have 207 – 2се + 0° which with a change of 
sign is the portion of highest degree of the non-unitariant 2g — 2bf + 2ce — Ф. 


and the whole is 


operating upon 
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The MacMahon Form of Equation. Art. Nos. 32 to 34. 


32. The equation connecting the coefficients and the roots is here taken to be 


b 0:74 d 
1+172+75% +7982 +:-=1— 90.1 82.1 ys... 
As to this it may be remarked that, if we had started with а form of the nth 
order with binomial coefficients, 


т n.n—1 n.n—1.»—2 
22. Н 2 ESE бы: "ыча ЕНУ uS = — / — — 
1+ 5 be+ 19 + 1.2.3 alib 1—2av.1— 82z.1-— yz ...(n factors), 
then writing herein - for а, and also ma, "В, ny, ..., for а, В, y, ... and putting 


ultimately п = оо, we have the form in question. 
We pass from the ordinary form to the MacMahon form, by writing for 


ТАҚ а 6 С ДОНЕ EE з 


Алы QNI Sie РАИ Е. 2I Т ИА 956222 
bod е... т тэ 79,8" 1,9.8.4/ 7° 0 999 P» Bs Ga 190) 790 ^ 


АП the results obtained for the ordinary form will, after making therein this change, 
apply to the new form. We thus find 


Ө, =0 0 +(e — 1) 200, + (с — 2) Зсда +... + 1 срд, 
O, = с'0 + (с — 1) 200, + (c' — 2) 8сд +... + (7 — o +1) срд, 
8, Ө, = (с —0)A, 


where А = ә, + 200, + 3c0q + ... + срд, 

ог вау BE TEN даа +... 

Sod Р =%»+ C+ @,+...+ тд, 

or say ы злу др, n 
Ga сд, + 200, +... + 0709, 

or say ке сд, + 200, + .... 


The change а, В, y, ... into na, np, ny, ... would change 80,, Sad., 920, into 
n—S0,, 8од,, под, respectively (п = оо): but this change is, in fact, compensated for 
by the introduction into the formule of the binomial coefficients as above; it is 


— Sa, бар, ... not —nSa, 43528, ... which are equal to b, ic, ...; and the conclusion 
is that we have to retain without alteration the symbols Sôa, Sa0,, Saa: thus in 
the new form as in the old one, we have Ө,804---- 80,. 80 = — 4S9, see the example 
ante No. 23. | 


33. In the new form, a non-unitariant is annihilated by the operator 


A, — 0, + 2b0, + 8004 + ..., 
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and conversely any function annihilated by A is a non-unitariant; comparing here- 
with the subsequent theory cf seminvariants, this is in fact the theorem that a 
non-unitariant is the same thing as a seminvariant; or to state this more explicitly: 
for the MacMahon form of equation, a function of the coefficients which is a 
non-unitary symmetric function of the roots is a seminvariant. 


I consider for instance the Table УІ (0), but attend only to the non-unitary 
portions thereof, viz. the lines G, CE, D*, C^: I convert these into columns, at 
the same time changing the arrangement of the headings g, bf, ce, &c, from CO 


to АО: and then making the foregoing change b, c, d, e, f, g into b, 5, E. aj 
2 759 but to avoid fractions multiplying the whole by 720, I form the table 
+ 720 
li QU UE 6 
bio. TON ua ЕТ” | 
Т ak en ат. 
15 ce |-2|-3|-2|%6 
Lb ht сары 
30 Be +3 | +2|— 6 
60 bed —3|44|-— 12 
90 е -1|[-3|- 2 
120 ға —2|+ 6 
180 Ё > {|+ 9 
360 bte - 6 


720 1% mee | 
Т0] [е] [е] e 
which is to be read according to the columns: and observe that the outside left- 


hand numbers are to be multiplied into the numbers of each column: thus the first 
column is to be read 


C? = SEBA = zag (7 29 + 12hf — 30ce + 20d) 
the second column is to be read 
1 
Г? = 8028 = 790 99 — 1807... + 90c), 
and so on. 


By what precedes, the columns are seminvariants,—as afterwards explained, “blunt” 
seminvariants; and they are named as such by the outside bottom line of symbols 
with a [ ]; viz 


[d] = (— 2g + 12bf— 30ce + 200), [е] = (3g — 18bf ... + 900), жо.) 
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where it will be observed that the symbol within the [ ] is, in fact, the power- 
ender which is in AO the lowest term of the column; and further that this is also 
the conjugate of the capital letter symbol at the head of the column. 


The (b) Tables I to X, with only the change 5, c, d, e, ... into bsc "E бі 2i д 


are given in my paper, “Tables of the Symmetric Functions of the Roots to the 
degree 10, for the form 


1... ‚ =(1—az)(1— B) (1 — qo) .. 


American Mathematical Journal, t. vit. (1885), pp. 47—56, [829]. 


94. By what precedes, it appears that P—bé operating on a seminvariant gives 
a seminvariant, and that Q— 2be operating on a seminvariant gives а seminvariant: 
these operators will be further considered in the development of the theory of semin- 
variants. We see further that 4A, = 00, + Зсда + 6d0,-- ..., operating on a seminvariant 
gives sometimes but not always a seminvariant, e.g. 


(00, + Зда + 6d2,) (e — 4bd — Bc + 12b%e — 6b*) = 6 (d — 3bc + 205) 


Senunvariants—the I-and-F Problem, and Solution by Square Diagrams. 
Art. Nos. 35 to 47. 


35. Writing 
121, 
b -b4 Ө, 


G =c+2b0+ 6, 
d,=d+3c0+3b@+ 6, 

е, =e + 410 + 6с@? + 406° + 64, 
&с., 


then there are functions of the unsuffixed letters which remain unaltered if for these 
we substitute the suffixed letters: any such function is termed a seminvariant. We 


have for instance 


e, = с+ 200 + 6, 1.е., ¢, = b2=c -b 
—-b2=-— 02—200 – 6, 
d= 4+ 3с0 + 356, d, — 3, е, + 2b? = d — 3bc + 26%, 
— 80е, = — 80е — 60:0 — 356°, 
— 300 — 600° — 36, 


+202 = 903 + 600 + 650 + 265, 
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and thus c—b?, d—3be+2b* are seminvariants; they are, in fact, the first and second 
terms of the series 


c — 0, 

d— 3bc + 2b, 

e—4bd+ 60е — 806, 

f — 55е + 10024 — 100% + 405, 

g — 607 + 15е — 2068 + 15b*c — 508, 


where the law is obvious; the numbers in each line are binomial coefficients except 
the last number, which is the next binomial coefficient diminished by unity. The 

successive terms are, in fact, what c, d, 6, fi, Ф,.. become upon writing therein 
= —&. 


36. Any rational and integral function of these forms is a seminvariant, апа it 
is to be observed that we can form functions for which (by the destruction of terms 
of a higher degree) there is a diminution of degree; for instance, 


(-4ба + 6b’c — 3b‘) + 3 (c — bY 


gives a seminvariant 6-- 404 + 3c’. 


It is important to remark that a seminvariant is completely determined by its 
non-unitary terms; thus for e—4bd+3c*, the non-unitary terms are e--3c, and for 
this writing e,--3c;, and for e, c, substituting their above values for 0=— 0, we 

reproduce the original value e—4bd + 3c*. 


37. It is at once seen that a seminvariant is reduced to zero by the operation 
A, =0,+ 2b0.+ 3cda+..., or say that А is an annihilator of a seminvariant; in fact, 
if in any function of b, c, d, ... we write for these the suffixed letters b,, сі, di, ... 
then the coefficient of 0 herein is at once found by operating on the function of 
(b, c, d, ...) with A, and therefore in the case of a seminvariant the result of this 
operation must be =0. And conversely, every function of (b, е, d, ...) which is 
reduced to zero by the operation A is a seminvariant. 


38. For a given weight, the number of seminvariants is equal to the excess of 
the number of terms of that weight above the number of terms of the next 
preceding weight, or what is the same thing, it is equal to the number of power- 
enders of the given weight. More definitely, considering the terms of a semin- 
variant as arranged in AO, we have seminvariants the finals whereof are the several 
power-enders of the given weight: and we arrange the seminvariants inter se by 
taking these power-enders in 40: thus for the weight 6, we have seminvariants 
[d] [c6], [0°с°], [b^] ending in these terms respectively. We may, if we please, consider 
all these seminvariants as beginning with g, or say the forms may be taken to be 

C. XIII. 37 
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g(ao)d?, g(ao)c, д (ао) 5с, д (ао) 2. Such forms are, in fact, furnished by the Mac- 
Mahon equation: viz. up to the weight 6, we thus have for the present purpose 


“2 | +6 + 94 “190 
l C il D I Qr ow Ме; UE 
1 ae l d |-8 le +2р—4 iu 45-5 
2 | +1 3 be | +3 4 bd |-9|-4 5 be Pg +5 
Т7 6 0 | —1 6 c Gung +2 10 cd | +1| +5 
12 b% —4 20 Gd | +2 | —5 
[2°] | 
24 6 +1 30- bó EEE | + G 
60 bc + 5 
[^] [8] Таны a | ү 
[бе] [0] 
+ 720 


b.g —9 |+ 34. + 6... =6 

6 Of | +21 -8 1-6 6 
15 ce |—2|—38| +2 6 
20° fo) +0) 43 1g 3 
30 0% +3/}/+2/]-— v 
60 bed —3|44|—12 
90 к1|-292|- 2 
120 6а —2 6 
180 222 +1/+ 9 
360 bte - 6 
720 6 + 1 


[7] [e] [9e] [27] 
read for instance 
[d?] = — 2g + 12bf — 30ce + 20d?, 
[0] = 3g — 18bf — 45ce + 60d? + 900% — 180bed + 90c?, 
&c. 
I say that [42], [c] [be], [0°] are “specific” when they are regarded as standing 


for these tabulated functions; but in general I take them to be “indefinite,” that is, 


I regard them as denoting (as above) апу seminvariants ending in d? с, be, b 
respectively. 
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39. Тһе seminvariant [9°] is of the form (good?) including those terms which 
are in CO not superior to g and in AO not inferior to @: by a combination of 
[d] and [c] we obtain a seminvariant (се оо с?) containing terms which are іп CO 
not superior to ce and in А0 not inferior to c?: similarly, from [d*], [c], [bc] we 
obtain a seminvariant (0° оо 02°); and from the four forms a seminvariant (с? оо 09): 
these four seminvariants 


gi +l 

bf | — 6 

ce | +15 +1 

d| —10 — 1 +1 

be — 1 
bed +2 — 6 

e — 1 +4 OW 
ға +4 
be? — 3 — 3 
bte +3 
ре — 1 


(goo d?) (сесо c?) (0? со be) (с? о 55) 


are said to be “sharp” seminvariants: viz. considering the final as given, a sharp 
seminvariant is one having an initial which is in 00 as low аз possible; ог 
considering the initial as given, it is one having a final which is in AO as high as 
possible. A seminvariant which is not sharp is said to be “blunt.” 


40. The sharp seminvariants are in general designated as above, (go»d?), &c.: 
but it is sometimes convenient to give the numerical coefficients of the initial and 
final terms respectively: as to this, it is to be noticed that the coefficient of the 
initial term is in most cases, but not always, —1,—we might of course take it to 
be always =1, but we should then in the excepted cases have fractional coefticients, 
and it is better to avoid this by giving a proper value to the numerical coefficient 
of the initial term; the numerical coefficient of the final term is in general different 
from +1, and 15 іѕ not in general a multiple of the numerical coefficient of the 
initial term. As an instance take dhœ be, the more complete expression of which 
is 4dh œ – 35b. The sharp seminvariants up to the weight 12 are designated in 
this more complete form in the table post No. 62. 


41.. In the calculation of the sharp seminvariants by elimination as above, it 
wil be noticed how unitary terms disappear: thus in combining [d?] and [c] so as 
to get rid of g, the term bf disappears of itself and we have as above the form 


87--2 
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(се оо с?) beginning with the non-unitary term се We may, in fact, write b=0; we 
thus have 


[4°] = — 2g — 30ce + 20d?, 
[0°] = 3g —45ce + 60d? + 906, 


giving 3[d*]+ 2 [c] 2 —180 (ce — d? —), and then ce—d’—c*, putting therein for c, d, e 
the values c — b, d—3bc+ 2b, e— 4bd + 60° — 80, gives the complete value wt supra, 
ce — d? — b?e + 2bcd — С, and we thus see à priori that this contains no term bf, but 
in fact begins with ce. And in carrying out this process for any higher given 
weight, it is proper also to arrange the non-unitary terms not in AO but in CO, 
and then in each case beginning with the terms highest in CO and eliminating as 
many as possible .of these terms we obtain the sharp seminvariant. Consider for 
instance the weight 12: taking the finals in 40, we have here 


(m оо 07, (m оо cf?), (m oo 6), (m oo 027°), ... 


the initials in CO are m, ck, dj, ei, ... and it might at first sight appear that the 
foregoing process of elimination would lead to the forms (m cog?) (ckoocf?), (dj о ез), 
(ei оо 027°), ...; we in fact have the form (m oog?); and if from (m oog?) and (m oo cf?) 
we eliminate m, we obtain the form (ckoocf?); but we cannot have a form (djooe) 
(for a form beginning with dj is of necessity of the degree 4 at least); what 
happens is that when from (moo 0°), (moocf?) and (т œe) we eliminate m and ck, 
the next term dj disappears of itself, and (the following term e not disappearing) 
the resulting form is (её): to obtain a form begirning with dj we must use 
the fourth form (moo 027°), and we thence obtain (dj oo 027°). Arranging the initials 
in CO and the finals in AO, we thus have 


ck 


dj e 
у. < py 


that is, we have the sharp seminvariants mag’, ckoocf?, eine, dj оо БУ), ...; these 
are the results given by the MacMahon linkage as will be explained further on, but 
I will firs& approach the question from a different side. 


49. It has been seen that we have A, -0,--200,-- Зсда + ..., as the annihilator 
of a seminvariant. Considering in the first place the entire set of terms, say for 
the weight 6, g(ao)b*, we assume for a seminvariant the sum of these each 
multiplied by an arbitrary coefficient; the number of coefficients is equal to the 
number of terms of g(ao)b*. Operating with A, we obtain a function of the next 
inferior weight 5, containing all the terms of Рӯ (ао) 5%, that is, of f(ao)b* each 
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term multiplied by a linear function (with mere numerical factors) of the arbitrary 
coefficients: the expression thus obtained must be identically =0; and we thus find 
between the arbitrary coefficients a number of linear relations equal to the number 
of terms f(ao)b*: these relations are independent; for it is only on the supposition 
that they are so, that the number of coefficients which remain arbitrary will be 
11—7, =4, agreeing with the number of the seminvariants [d*], [c] [bc], ТЫ); 
whereas if the relations were not independent, there would be a larger number of 
seminvariants. 


But if, instead of the whole set g(ao)b*, we consider a set (good? or say 
(се оо c) and assume for a seminvariant the sum of these terms each multiplied by 
an arbitrary coefficient, then operating as before with A we obtain between the 
arbitrary coefficients a number of relations equal to that of the terms D (се oc’), 
and if this be less by unity than the number of the terms of ceoc’, say if we 
have (1—.D)(ceo» c) —1, then there will be a single seminvariant се хо с. We, in fact, 
find (1— D): (good?) (сеоо с), (а? оо 0°), (с? оо 5%), each =1, and thus establish the 
existence of the foregoing seminvariants goo d’, се оо c, d? оо 020°, cobs. And similarly 
if in any case we have (1— D)(/ o Р) =2 or any larger number, then we have 2 
or more seminvariants I oo F. 


43. It will be convenient to write down at once the system of square diagrams 
for the several weights 2 to 16; each of these may theoretically be obtained by a 
direct process of calculation such as I exhibit for the weight 10, but the labour 
would be very great indeed, and I have in fact formed the squares for the weights 
11 to 16, not in this manner but by the MacMahon linkage. 


w=2 w=3 w= 4 Q0 = 5 
ЛЕТ JEN Am eU 
ue b? | e ЕРГЕ са ШТІ 
eo de d 
w=6 w= 7 
9 1 h 1 | 
се eal oN Ат e ОП 
"SEU ИИ ae Uie de ee 
Oe E ES Бш ч 
d? ege b: (ҒЫ, ДАШ г a г; 
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The subsequent squares w=11 to 16 are, for convenience, given at the end of 
the present memoir (pp. 331 et seq.). 


44. It is to be observed that in each square the outside left-hand terms are 
the non-unitaries in CO and the outside bottom terms are the power-enders in AO. 
I have inside each square written down only the significant numbers, but we might 
fill up the whole square. For instance, when ш = 7, the filled-up square would be 


h| 1 2 3 1 


ҰР Ia 

where in the first column the numbers relate to the sets Aoobd?, cfoobd?, decobd: 
and са оо Ба? (this last set с оо 0° is non-existent since cd is in AO inferior to 
БФ, ie. as well for the set as for the diminished set, number of terms is = 0, and 
we have for the compartment 0—0, —0) And similarly for the remaining three 
columns. The process of thus filing up the whole square is a direct and non- 
tentative one, and the conclusions to which the numbers lead are as follows: col 1 
the final being bd’, the initial cannot be cd,.de or cf, but taking it to be h, we 
have the seminvariant /oobd* Col. 2, the final being bc? the initial cannot be cd 
or de, but taking it to be cf we have the seminvariant cfwbc*: it may be added 
that the top number 2 shows that there are two seminvariants h cobe, these are of 
course the foregoing ones / 9047 and с/ж бе. Similarly, col. 3, the final being bic’, 
the initial cannot be c?d, but taking it to be de, we have the seminvariant de оо b'e, 
' and col. 4, we have the seminvariant cd оо 07. 

For the several weights up to 9, we have simply units in the dexter diagonal 
of each square, viz the non-unitaries in CO correspond to the power-enders in АО, 
or the sharp seminvariants are соо 0°, dob’, &. See post, Table of Reductions, 
No. 62, which exhibits these correspondences. 


45. For the weight 10, we have deviations: the figures 1 and 2 denote as follows: 


1-р kof; = 
& „се 5.1 
Oh MEE, 1 
ég 4,00 |, 1 
P RT. NND: 
ey 00,2 
am o "E 5 
caf „йа. 2 
в, PO Чу 
Қа РА ШАРЫ! 
cd . Ve 5,1 
eee ee 


E 
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and they indicate the sharp seminvariants / оо f°, сї оо се?, &c.: where observe that 
the power-enders being in AO as before, the non-unitaries are not in CO, but we 
have inversions (c'g, f°) and (cdf, ce). 


In particular, (1 — D) (f? o» cd?) = 1 indicates the seminvariant f? o cd?; 
(1 —.D) (eg оо bed?) = 2, 


means in the first instance that there are 2 seminvariants c’g  b’cd?, but here the 
set с? оо bcd? includes as part of itself the set f?oocd*; so that, if cg оо bcd? is 
used to denote any particular form, then the general form is c?g оо bcd? plus an arbitrary 
multiple of f? œ cd? and we have thus . virtually a single form сд оо 000. And 
similarly, the set cdfoob'd? includes as part of itself the set ce&'ooc; and thus the 
general form cdf b‘d? is = particular form plus an arbitrary multiple of ceo, or 
we have virtually a single form cdf oo btd’. 


I remark that it would be allowable to take as a standard form of cg оо b’cd?, 
а form not containing any term in /°, and similarly for the standard form of 
cdf оо b'd* a form not containing any term in ce’; but this is not done in the tables. 


46. The diagram for weight 10 is constructed by the following calculation; 
viz. in col 1 we calculate (1— D)(koof?) and for this purpose write down the 
terms of ko 7°, and D(koof?) in CO: in col 2 we calculate (1—.D)(ctooce?), and 
for this purpose write down the terms of koce and Р (оо се?) in CO, the terms 
of сі оо се? and Д (сі оо се?) being thence found by rejecting the terms k, bj and the 
term j at the head of the two halves of the column. So in col 3 we calculate 
(1—.D)(dhooUg), and for this purpose write down tue terms of (kool?) and 
Р” (К о be?) in CO, and for dhobe and D(dh- be) reject the terms k, bj, сї, 0% 
and j, bi at the head of the two halves of the column. And so for the remaining 
columns. It is to be remarked that there is in each successive column a continually 
increasing number of terms to be rejected; by a properly devised variation of the 
algorithm it would have been possible to avoid writing down these terms at all, but 
for greater clearness I have inserted them. 
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k jk jk jik jk jk jik jk jk jk jk 
bj ыу | ым ым ым ыш ым ыы ым ым bilbj [ 
| 
ci — ch|ci chici ch\ci ссі ch ci chici chici chici chici chici с 
dh — dg|b?i b?h0?i | b?h|b?i bhb?i — Dh DI b?h|b?i b?h bi 02% 52% 5% 821% p? 
eg ef |dh dg аһ dg |dh dg dh dg dh dg|dh dg\dh dg\dh dg\dh dg аһ dg\dh d 
з beh ^ beg|bch —beg|bch | beg\bch beg beh beg|bch beg |bch beg|bch beg |беһ beg beh beg|bch be 
eg {эһ goh | 0808 зз | мв ув  bgosh  bsgosh  bögosh —UgUh vw 
bdg %47 ед ef leg ef eg ef eg ef eg ef leg €f eg ef eg ef eg € 
c?g c?f|bdg bdf|bdg bdfbdg | bdf bdg bdf |bdg бау 044 bdf\bdg bdf bdg bdfbdg ba 
10 f? еер feg «<Ус% | cte а] c*f c?g с? etg efg «4600 е? 
bef саеф?су bef |b?cg bcf 029 м cf beg bef са 02у Ха — U?cfjb?eg 5%/5%0 We f|b*eg be 
cdf f? реу? be? f? be? btg м] b4g bt 10% bif 049 bif big 04104 bi 
ce? bef  cde|bef  cdebef cde f? be? f? be?| f? be? f? be? f? be?| f? be 
сау Udelcdf bdecdf 5246 Беу cde|bef cde|bef cde|bef cde|bef cdelef ^ cd 
аў baf bc?e|b?df Ъс?е саў b?de|cdf bdelcdf b2de\cadf b?de|cdf bdelcdf bva 
ce? bc?f bef а?а — be?e|b?af bc?e|b?df | berelb*df | осе аў  be®elb°df be? 
d?e ce? bcd?*|ee? bed? ыу U9ce|bc?f b?ce|bc?f | b3ce|bc?f | b?cebc?f ^ b?celbc?f 0% 
0242 be? be c3d |b cf d? b8 cf b5e|b?cf 05е 03р b*5e|b?cf 5457 ғ 
Фе d?e ce? фсйісез apf азу азу d?|b^f d 
20) bede bede Ue? 6d? h2e2 bcd? сез bed? ce? bed? |ce? bed*\ce? bed 
bd? ce de с?а|а?е 5%а 25242 рза? 02е? 6942262 b9d?|b*e? Ыза 
bd? bede  b?c?d|bede c?d|d?e c?d|d?e c?d d?e dide 
є?а? 08де bde b?c?d|bede bBedlbede | b?c?d/bede | b?c*d\bcde 
e c?e bicd|b?de — U*cd|b?de | b*ed|b?de | b4ed|b3de 
22% 426% Ыс“ се bc*|c?e b6d c?e 554 36 
ibd? bd? b2e2e 3031022 bc*|b?c2e bet b2c?e 
cd? cd? b*ce bice bebice | ЫЗс%Ь%е 
Bcd? са? bd? b8e 92/66 89216 
bed 2d? bd? bd? U'c|bd* 
0 5 bed? с2а? с2а? с2а? 
bid? реа? bcd? bed? 
bed 0442 btd? bid? 
bèc? ба?а bèd bed 
b?c?d b*c?d b?c?d 
0204 5а 9са bcd 
on уа bd 
beet e e 
443 b2c4 b?c4 
btc? bte? 
0 bc? 662 
5% 
" 
2| 6-5=/11 - 10=|14-13=|14-13=|12-11=| 19-17-| 12-11- 14-13-| 14-18-| 11-10-| 6-5- 
1 1 1 2 1 1 1 1 
с XNE, 38 
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4T. As to the first of the foregoing inversions cg, f°, it is proper to remark, 
that filling up two compartments of the square we have 


са? bed 


where the meaning of the numbers (1, 1) has to be considered: the first (1) seems 
to indicate a seminvariant cg оо cd?, but there is in fact no such form, what it really 
indicates is a form Ocg--f?o cd? that is, f? оо с0°; and similarly, the second (1) 
seems to indicate a seminvariant f? оо bcd? but there is in fact по such form, what 
it really indicates is /'?oocd?--0D?cd?, that is, f? с. The explanation is correct, 
but to make it perfectly clear some further developments would be required. The 
like remarks apply to the inversion cdf, ce. 


The MacMahon Linkage. Art. Nos. 48 to 52. 


48. We require the two theorems: 


The first is: if a seminvariant S has q for its highest letter, then 0,9 is also 
а seminvariant. 


The second has presented itself for unitariants (ante No. 31); for seminvariants 
the form is less simple, viz. If in any seminvariant, attending only to the terms of 
the highest degree, we therein change b, c, d, е, ... into b, 20, 6d, 24e,... and then 
diminish the letters (that is, replace each letter by the next preceding letter) and 

65% 2/70 
Й 9" 6 , 24? eee 
seminvariant. For instance g — 6bf--15ce— 104°, in the terms of degree 2, making 
the numerical change we have —720b/+ 720ce—360d?, and then diminishing the letters 


bd с? | 
6 = 3607 ў that 18, 


in the result so obtained change 0, c, d, e, ... into 6 we obtain a 


and making the numerical change, we obtain — 720 24 + 720 


— 80 (e — Abd + 30), 


a seminvariant. 


For the proof, observe that the equation AS=0, attending therein only to the 
terms of the highest degree, gives (2b0,+3cda+...)S’=0, if 8” denote the terms of 
the highest degree: making the numerical change, this is (b0,+cda+...)S”, if S" is 
what S’ becomes thereby; diminishing the letters, this is (@,+0,+...)S’”=0, if 8” 


www.rcin.org.pl 


932 | ON SYMMETRIC FUNCTIONS AND SEMINVARIANTS. 299 


is the diminished value of 8” and finally making the numerical change, if T be 


what 8”” becomes on writing therein b, 5 б, ... for b, с, d, ..., this gives 


(0, + 200, +...) T — 0, 


viz. Т is à seminvariant. 


49. Assume that, for the weights up to a certain weight w, the forms of the 
sharp seminvariants are known: and for the weight w consider a seminvariant Z (са) Р: 
here if J be given, the first theorem establishes a limit F’ such that F is in AO 
not higher than F”. For instance, when w = 12, if I= dj, the coefficient of j as being 
a seminvariant can only be dob’, and thus the seminvariant contains a term 09, or 
the final term F must be in AO not higher than 5j; the degree is thus =4 at least. 


Similarly, if F be given, then the second theorem determines a limit J’ such 
that J is in CO not lower than 7. Thus when w= 12, as before, if F= btcd?, then 
diminishing the letters we have bc, a term belonging to fobc?; the diminished form 
has thus terms a*(a?f, bc’), so that augmenting these the seminvariant has terms 
(5%, cd?) and thus the initial term 7 is in CO not lower than 0%. 


50. A limit for Z or F, when the other is given, can also in some cases be 
found as follows: Considering a seminvariant of the weight w as before, and denoting 
its extent and degree by с and 6 respectively, then we have од — 2ш = 0 or positive; 


that is, сд = 2w at least; here given J, we have с, and then ô= ae at least; and 


given F we have б, and then Mei. at least. 


5 


51. We may now explain the MacMahon linkage; for a given weight, we write 
down in two columns the initials or non-unitaries in CO, and the finals or power- 
enders in AO: by what precedes, it appears that we cannot combine the terms of 
the one column each with the term opposite to it in the other column; what we 
do is: beginning with the top of the column of initials, we combine successively 
each term with. the highest admissible term in the column of finals: or beginning 
‘with the bottom of the column of finals, we combine successively each term with 
the lowest admissible term in the column of initials. 


38—2 
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52. For the weight 12, the linkage is 
read downwards. 
not in AO 

көзе y LR ME 

m g bl Ву" 
(c ob )k Bk ok cf? bk j „be 
(d „в Jj By dj ё bdi о, d 
(без), Дел ие me т стук е vj „е 
(C 3, Of 95 bti 6% bde? bdh cg , сд 
(ы Бе ув ъа лр D ce beg 47, Bd 
(cd „5 )h h cdh ee Df ё „е 
(27 о d?g ku bee 5% Te yg OG 
(ed. с.х) eg ceg bed? мас у yo 
(Ф „ Beg Bey О сат bef de, b 
(? , 6 )g By elg ре th g Ф 
(of; ел bof c? pd? Бау ce, c 
(de „ Be) f Bef | de ӘОЖ | ve e, Be? 
(0d, V )f BF | ed. ве OP о „і 
(s ауе ya c'e e о ul Ж PE Tu 
(ce ,, Be) е b?c*e ТН” 205 Bde - ed b 
(cd? ,, 62) bice cde beg? Uf 6 yp 0 
(е6. 50% je 5% cte btc! рва? єс 
(P , 5&)d Berd Was o Ve а „Ы 
(ed „ 59 )d bd са? Бес? ға тас 
(о Xs 5% e 5? 


lower than 
not in CO 


shown by 


read upwards. 


Thus, beginning at the top of the column of initials, m is to be linked with 4’, 
that is we have (m œg); ck with cf?, that is, we have (ckoocf?); dj cannot be 
linked with 6, for the final must be in AO not higher than 0%, but it is linked 
with the highest term bf? for which this condition is satisfied, that is, we have 
(9) оо bf°); ei is then linked with the highest admissible term 6, that is, we have 
(et о 6); and so on. 
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Or beginning at the bottom of the column of finals, b? is linked with c*, that 
is, we have (се оо 5) 082 with cd? that is, we have (20° оо 080°); b*c cannot be 
linked with d*, for the initial must be in CO not lower than b'e, but it is linked 
with the lowest term c'e for which this condition is satisfied, that is, we have 
(cte oo %?); and so on. 


The Umbral Notation. Stroh’s Theory. Art. Nos. 53 to 56. 


53. Employing the umbre a, 8, y, à, ..., which are such that 
а= В =, =O; a= May .., 50; atm uu ..., ad: 


and so on, then for instance 


(а- 8) = о – 248 + 8, -с-20%с, =2(c—b%), 


a seminvariant ; 
(a — By (a — y) =a — 20° + a — ау + 2а8у — 8%, 
= d — 2bc + bc — bc + 20° — be, = d — 3bc + 20%, 


a seminvariant: and so in general any rational and integral function of the differences 
of the umbre developed and interpreted is a seminvariant. For the seminvariants of 
a given weight, e.g. w=6, Dr Stroh* considers the function 


Q5 = (az + By + yz + bw + et + Ёш), 


where 2, y, z, w, t, ш are numbers the sum of which is =0, or we may if we 
please have more than 6 such numbers: the expression is obviously a function of 
the differences of the umbre and it is thus a seminvariant. To develop its value, 
observe that after expansion of the sixth power we have sets of similar terms, for 
instance аб + [8% +... which putting therein о = 8° = уб, ... =g become = 9. 82%, and 
generally each set becomes equal to a literal term multiplied by a symmetric function 
of the æ, y, 2, w, ...; introducing capital letters to denote the elementary symmetric 
functions of these quantities, and recollecting that their sum is assumed to be -0, 
say we have 


1-04--П--Ее-...-1-лв.1-)8.1-гв..., 


(that is, 0— Sz, +С = 82у, — D= Szyz, &c.) then by aid of the Table ҮІ (Б) writing 
therein 0, C, D, E, Е, G for b, c, d, e, ў, 0, we find 


08 = (az + By + уг...) = 059% + 6a58S2*y + &c., 


* See the paper “Ueber die Symbolische Darstellung der Grundsyzyganten einer binüren Form sechster 
Ordnung und eine Erweiterung der Symbolik von Clebsch,” Math. Ann. t. xxxvi. (1890), pp. 262—303, in 
particular § 10, Das Formensystem einer Form unbegrenzt hoher Ordnung. 
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as shown in the foilowing table: 


30 be | Satyz 

60 bed | Scy 
4490.08 | Saree? 
+120 Bd | Sæyzw 
+ 180 0202 | Sa*y?zw = 
+ 360 bie | Sæyzwt 
+ 720 6 | Sayzwtu = 


(4) (61 [We] [27 


the numbers whereof are, it will be observed, identical with those of the foregoing 
table No. 33, relating to the MacMahon equation. 


This is to be read 
06 = С° [d?] + D [8] + CE [b] + G [b°], 


viz Q is a linear function of (2, D», CE and 6, the coefficients of these, being 
given functions of (b, c, d, e, f, g) which given functions are the specific blunt 
seminvariants which have been already called [9°], [c], [bc] and [0%]. And so in 
general, the developed value of Q” affords a complete definition of these specific blunt 
seminvariants of the weight w. Observe that а, B, y, 8, ... are umbre in nowise 
connected with the roots а, 8, y, 6, ... before made use of, and that В, C, D, ... 
are actual quantities in nowise connected with the symbolic capitals В, C, D, ... before 
made use of. 


54. The capital and small letter symbols are conjugate to each other. It will 
be convenient to give here, in reference to subsequent investigations, a table of these 
conjugate forms up to the degree 6 and weight 15. 
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Table of Conjugates. 


CDE bcd? 


CE pd? 


EF ре? 


с2а? 


DG 7 te 


CDF Wed? 


са 


EG 


D?F 
Е? с | СЕР bea? 


bid? | CDG 


bct | FG 


bed? 


12 


CD 


C?p? 


CDE 


D*E 


CDE? 


13 


bg? 


df? 


bef? 


be? 


14 15 


C&D bh? 
Сзрз dg? 
D5 f 3 
CADE beg? 
CDE bef? 
CDE? cdf? 
DE? de? 
QE big? 
С?Р#Е baf? 
CEF bef? 
DEF bce? | 
СЕЗЕ Ъа?е? 
CDF? ede 
ва pif? | ps 45 
срза ае? | CDE bef 2 
CEG Vee| рза b3e3 
E?G båt | CDEG bede? 
рға be | ÆFA bee 
саз cà | EFG ed! 
DG? оф 


WWW.ICIN.OF 
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55. We can, by means of the umbral notation, write down for the blunt sem- 
invariants of a given weight (indefinite forms, not the above-mentioned specific forms) 
expressions far more simple than those which are given by the foregoing theories: 
we can, in fact, find without difficulty monomial umbral expressions; and in many 
cases obtain also the sharp forms. To illustrate this, I consider the weight 10: I 
write down for convenience the symbols of the sharp forms (though the knowledge 
of these is in nowise required) and I form a table as follows: 


Sharp forms, 


finals in AO. 

Б oft. 1.1, (а В) 

ch y 2 (a- В) (a— у)? 

dh , Be | 8 (а В) (а-у) (a-8) 

eg n od 4 (a-p) (a-y? (a—8) 
J? cd | 5 (a-p (a-y) (a—8) 

oy ,, Bed? | 6 (a-p) (a-y? (a—8) (a-e) 

се „с 7 (а— 8) (а у) (a — 8)* (а – є)* 

cdf , bd? | 8 (a-p) (a-y) (а- 6) (а- €) (a—9) 
Фе „Pt | 9 (В): (a-y) (а— 8) (a— е) (a- é) 


ce , b? | 10 (a—]y (а – у)? (a—8) (a— e) (« —€) (a т) 
92, ме [11 (а-Ау(а-У(а-Ә(а-4(а-0(а-7)(а-0 
č „O |12 (9—8) (а-у) (а-9) (a-e) (а-Ф(а-ч)(а-Ө)(а-4(а-к) 


It will be observed that all the differences used are a— 8, a—y, ... containing each 
of them an a; hence in all the forms we have а, =k; іп (a— 8)” the lowest 
term (in AQ) is 8, =f?; in (a — В) (a — у), the lowest term is a*8*.y*, = се; and 
so on, viz. in each case the lowest term is the final term of the sharp form set 
down in the same line. арі 


56. Тһе form (а- 8)" gives at once the sharp form koof?; we thus develop it: 
ar 3 a5? a’ (5 a*g* 058° 
8" ab — cB авй ов 
1°; gol 48, ТИЕТІН ЗЫ 
+1 —10 +45 -120 + 210 
=2(k —10bj + 450 —120dh +4+210eg —126/?); 


(а – В) (а — у)? contains a term a, =k and thus gives a blunt form kaoce*; if instead 
of it we employ the form (а- £} (а —y)(8 — у), then here as before the lowest term 
is «t.y, = се?, but there is no term 49: there is a term a8, =bj, but as this 
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cannot appear, we must have terms of this form destroying each other. The simplest 
mode of effecting the development is to write 


(а — Bf (а у) (8 — y) =(a— By {aß — у (а+ 8) +}: 
we may herein put at once y —b, y?—c, and thus the form is 


(a — BY {68 — b(a + 8) + с}; 
I develop thus: 


(a — 8) 1, —8, +28, —56, +70, —56, +28, — 8, +1, 
+1, — 8 428, -56, +70, -56, +28, —8, +1 
(«-8%(а+8)1, -7, 420, —38, +14, +14, —28, +20, -Т +1 
lbj — 8ci + 28dh — 56eg + 707° 
| +1 -8 +28 —56 


"hc lj —7bi Mean vi Pul 
MS X а ER T UTE 


Ta 1% — 8bh + 28cg — 56df + 70e 
+1 -8 428 -56 ) 


= — 14 


QU co ы So os KH сд m 


which, in fact, exhibits the calculation of the sharp form ci оо се. The disappearance 
of the term in 6j will be noticed. 
с. ЖП, 89 
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Instead of (а- 8) (а- у)(8-6) which contains ой, that is, b, we may take 
(a — By (y — 6), 
(i — 80% + 28cg — 56df + 35e) (c — b?) : 


this is ciaob’e’, a blunt form; by subtracting from it сї 966, we could obtain the 
next sharp form dhoob'e; but this in passing; it does not appear that there is any 
monomial umbral expression for the last-mentioned form. 


that is, 


I do not stop to examine the next following forms, but, pass on at once to the 
last of them; instead of the expression given, we may take the expression 


(a— By (y – 8 (e— £ (n – Of (0 — «y, 


that is, (c — b}, which is in fact the sharp form с? оо b". 


Seminvariants of a given Degree: Generating Functions. Art. Nos. 57 to 59. 


57. We may consider the seminvariants of a given degree, and arrange them 
according to their weights: thus in each case writing down the series of finals, and 
for a reason that will appear also the conjugates of these finals (see Table of 
Conjugates, ante No. 54). 


For degree 2, or quadric seminvariants, we have 
208 4 5 7 


Ob. = От OL 


there is here for every even weight (beginning with 2) a single form, and for every 
odd weight no form: the number of forms of the weight w is thus =coeff. of а” 
in 42--(1-а2), or writing for shortness 2 to denote 1—4? (and similarly 8, 4... to 
denote 1 — 22, 1—2*,...), say that for degree 2, Generating Function, G. F., is -а?--2. 


For degree 3, or cubic seminvariants, we have 
3 + д 6 TES 


Db —- ӨС Do CD bi 


the counting is most easily effected by means of the conjugate forms; these contain 
all of them the factor D, and omitting this factor we have all the combinations of 
C, D which make up the weight w-— 3, viz. for weight w, we have number of ways 
in which ш—8 can be made up with the parts 2, 3: that is, 


for degree 3, G.F. is =æ + 2.3. 


Similarly for degree 4 or quartie seminvariants, we have terms each containing 
E, and removing this factor, we have all the combinations of C, D, E which make 
up the weight « — 4, viz. 


for degree 4, G. F. is —2*-2.3.4. 


www.rcin.org.pl 


. 932] ON SYMMETRIC FUNCTIONS AND SEMINVARIANTS. 307 


Thus for degrees 
2, 3, 4, 5, 6, 
the G.F’s are 
-20--2, а2--2.8, а4--2.8.4, 2:--2.3.4.5, а%--2,3.4.,5.6, ... 


58. We may analyse these results by separating the finals into classes. I use 
the expression b, c, d, ... are discrete letters, meaning thereby that they are distinct 
letters, not of necessity consecutive but with any intervals between them. Thus 
deg. 3, if (b, c) are discrete letters, then the finals are 0°, and Бо; deg. 4, if b, c, d 
are discrete letters, then the finals are bt, bc, b, and бой; and so on, the number 
of classes being doubled at. each step, as will presently appear for the weights 5 and 
6 respectively. 


I notice also a property of the conjugates of these classes; for 0° and be 
themselves the conjugates are D and CD, and these occur as factors, D in the 
conjugate of every form of the class 0° (for, instance conjugates of (9, d? are D*, D"), 
and CD in the conjugate of every form of the class bc? (for instance, the conjugates of 
bd?, ce are C*D, C?D?); and the like in other cases, viz. for any class whatever the 
conjugate of the first or representative form occurs as a factor in the conjugates of 
the several other forms belonging to the same class. ; 


59. With these explanations, the expressions for the several G. "s are obtained 
without difficulty, and we have | 


deg. 2, class C, b? G.F. =æ + 2, 


deg. 8, 4 Del? » —45 + 8, 
» CD, be » me -4-2.8; 
‘we oughi here to have 
e+-2.8= л2--3--а>--2.8, viz. in verification 
a = gg. a 
+ 22 + а? 


deg. 4, class E, b G. Е. = а + 4, 


» ПЕ, » -4 29.4, 
i СЕ, bc » =а&-+2.4, 
» CDE, bcd? „ ==4@- 9.38.4; 


we ought here to have 
45—9.8.4— w+4407+3.440°+2.44+0°+2.3.4, viz. in verification - 


at = 4&4.2.8=а4—а4—а7-+ а 
-а7.2 + a’ — x 

+ 2.3 + 2% -а? 

Ems Ta 

тай; Mi 


39—2 
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deg. 5, class Р, b G.F. =æ +5, 
EF, bet a 2 4.5, 
DF, 6263 а +3.5, 
CF, bic? а? +2.5, 
DEF, bed? - 2° + 3.4.5, 
CEF, bed? qn 4 2.4.5, 
CDF, bed? а 2.8. 5, 
СЕР, bede 24 - 2.8.4.5; 
and for the sum of the eight terms 
Я. F.= 0° 2.3.4.5, 
which may be verified as before. i 
deg. 6, class G, be ©. Е. = аё +6, 
FG, bc a + 5.6, 
EG, рео ao + 4.6, 
DG, be a? 2- 8.6, 
се, bie а +2.6, 
EFG, bcd* аз 4.5.6, 
DFG, bed? æ“ -- 8.5.6, 
CFG, беа? аз -- 2.5.6, 
DEG, bed? a® -- 8.4.6, 
CEG, bed? а -- 0.4.6, 
CDG, ба? ал --2.8.6, 
ТЕКС, bede? а%% - 8.4.5.6, 
CEFG, bed?e a” +2.4.5.6, 
CDFG, bede 2% - 2.8.5.6, 
CDEG, bede а% 2.3.4.6, 
CDEFG, bedef? a? +2.3.4.5.6; 


and for the sum of the sixteen terms 
G. Е. = +2.3.4.5.6, 


which may be verified as before. 


Reducible Seminvariants—Perpetuants. Art. Nos. 60 to 64. 


60. Seminvariants of the degrees 2 and 3 are irreducible—or say they are 

perpetuants. Hence by what precedes, as regards perpetuants 

for degree 2, G.F, =æ +2; 

for degree 3, G.F. =æ + 2.3. 
For the degree 4 (if as before b, c, d denote discrete letters) then the finals are 
bi, bo, boe and бой. For a final bt 205.0? or b’c?=b?.c?, we have evidently a product 
of two quadrie seminvariants ending in b and b, ог in b and c? with the same 
final term as the quartie seminvariant; so that, considering the quartic seminvariants 
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arranged with their finals in 40, and adding to such quartic seminvariant a proper 
numerical multiple of the product in question, we obtain a quartic seminvariant the 
final term whereof is in AO higher than the original final term bt or ò, and such 
quartic seminvariant is thus said to be reducible; a quartic seminvariant not thus 
reducible is a perpetuant. The quartic perpetuants are consequently those which end 
in фе or бей. The lowest form is that ending in bc, of the weight 7. Taking the 
sum of the G.F’s for the forms bc and bcd? respectively, the С.Ғ. for quartic 
perpetuants is 

2 -8.4+2 + 2.3.4, 
viz. this is 

a (1 — 22) +2 - 2.3.4, 
or finally 

G.F. = а + 2.3.4. 


As an instance of a reduction, we have 
(d? oo 020°) — (с oo b?) (е oo c?) = (ce œ c?), 
viz. this 1s 
(d оо (20) = (c — b?) (e — 4bd + З) — (ce — d? — be + 2bed — с). 


We have also 
| (d? oo b?) = (d œ b? + 4 (с œ bX, 
V1Z. 


(d oo bc?) = (d — 3bc + 2b?) + 4 (c — bY, 


but this is not a reduction, there are on the right-hand side terms of the degree 6, 
which is higher than the degree of the seminvariant 42020, In general we say 
that a seminvariant of any given degree is reducible when we can, by adding to 
it products of its own degree of seminvariants of inferior degrees, reduce it to a 
seminvariant the final of which is in AO higher than the original final. 


61. For the degree 5 (taking b, c, d, e to denote discrete letters), if the final 
be 05, ба, 020°, b'e, bed? or bed?, then the seminvariant will be reducible; a perpetuant · 
must have therefore a final bed? or bede. But it is not true that every quintic 
seminvariant with either of these finals is a perpetuant. To explain this, observe that 
the first mentioned six finals are some of them in one way only, some of them in 
two ways, expressible as a product of power-enders, or say they are singly, or else 
doubly, composite: viz. we have 


pub. ро о. 00; рое 0.05 Рос РУ, 00; 
bed = e . Ба? = d. 0°; · Dod? = b. са? 


For а doubly composite form, for instance 077, forming first the product of the quadric 
and cubic seminvariants ending in c?, b? respectively, and secondly the product of the 
quadric and cubic seminvariants ending in 0° and be respectively, we have two products 
each with: the final 02°, and forming a linear combination so as to eliminate this 
term 00, we have thus it may be a quintie seminvariant with a final such as bcd? 
or bede, and the process then furnishes a reduction of such a quintie seminvariant. 
Or on the other hand, it may be that the finals of the degree 5 all of them 
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disappear, and we have a relation between products of the form in question (ie. of 
a quadric and a cubic seminvariant) and seminvariants of a degree inferior to 5, say 
this is a quintic syzygy. 


In particular, a non-composite final first presents itself for the weight 12, viz. 
here the finals are bce, bed’, с?0?, the last of these is doubly composite, and it 
furnishes a reduction of bcd*. For the weight 13, the finals are 027°, bde, bee, 
bd‘, са? which are each of them singly or doubly composite: for the weight 14, 
they аге b’cf?, Ье, bede, ce and cd‘, and here the doubly composite form furnishes 
a reduction of bede. For the weight 15, we have a final bce which gives a quintic 
perpetuant. I have, in fact, in. my paper “A Memoir on Seminvariants,” American 
Journal of Mathematics, vol. vir. (1885), pp. 1—25, [828], worked out the theory of 
quintic syzygies and perpetuants, and subsequently connecting this with the present 
theory of finals, I succeeded in showing that, when the doubly composite final contains 
a b, then there is not a reduction but a syzygy; we thus have 


G. F. for finals 0°, Б, ... =a”? +2, 
^ » а, S. шал --2,4, 
whence for the two forms 
G.F. is 47-242! - 2.4 fa (1— а) на —- 2.4, 
or say for S,, the number of quintic syzygies б. Р. is =a’ —- 2.4. 


I further satisfied myself that the finals for the quintic perpetuants are bc0e, 
and bc0ef?, viz. the b, c, e, f being discrete letters, the interposed 0 denotes that 
the c and e are not consecutive letters. The conjugates of these forms contain the 
factors РЕР and CD:EF respectively, and it hence appears that the G. Fs are 
—45--8.4.5 and #”+2.3.4.5; adding these, we find 


for quintic perpetuants G.F. is —2425-—-2.3.4.65, 


which expression was given in the memoir just referred to: the result was obtained 
by investigating in the first instance an expression for S;, the number of quintic 
syzygies of a given weight. The course of Stroh's investigation to be presently 
given is different; he determines directly the number of perpetuants, and we may 
if we please use conversely this result to obtain the number of syzygies. 


62. The foregoing theory of reduction is independent of the form of the 
seminvariants, which may be blunt or sharp at pleasure: the actual formule will 
of course be different, and they are very much more simple for the sharp semin- 
variants, viz. here in many cases a seminvariant is found to be equal to a product 
of seminvariants of inferior degrees. I subjoin the following table of the reduction 
of the several sharp seminvariants up to the weight 12; the forms referred to are 
the tabulated forms, and to mark that this is so I write down in each case the 
numerical coefficients of the initial and final terms, viz. instead of cob, doo 0°, &c., 
I write coo – 0°, doo 202, &c. As appears by the table, these are for shortness denoted 
by C, D respectively, and so for weight 4, the forms are called Æ, Z,, for weight 
5, F, F, for weight 6, G, G,, Gs, Gu, and so on, the unsuffixed letters having thus 
an implied suffix, not 0 but 1. The table is 


www.rcin.org.pl 


Table of Reductions. 


w= 
2 ec —1% с 
|. 8| dow D 
4 e œ 3c? E 
e. pt Le = 
5 f œ -6bc F 
cd ,, — 205 Ӯ, = 
6 g œ 1042 G 
се: ,, —6° 9, 
а? ,, – 3022 б, = 
e 23 -0° в, = 
Yi h œ 20bd? H 
cf ,,8bec H, 
de ,, 6b%c? Н, = 
с2а ,, 27 PE 
8 i o 85e ДУ; 
сд » 2cd? 1, 
8df ,, 10b?d? I = 
е ,,9с4 I, = 
Ce ,, bc? I = 
ed? ,, 81462 hn = 
ct ” bs I, = 
9 j ©-"10фё |J 
‚| Qch ,,.—208 Ja 
dg ,, —4bcd? | J} 
ef ,, —20b8d? |J, = 


2c*f ,, - 3be* 5 = 
ede ,, – 2083 | Jg = 


d ,, – 6052 |J, = 
са ,, — 219 Jg = 
10| k w-120f2? |К 
ct ,, – бесе? K, 
ádh ,, – 8502 | К, = 
16eg ,,-80bd? | К, 
f? 4, -8228 | К, = 
Pg – 2021? | К, = 
ce? i - 96 K; “7. 
3cdf ,, —10b4d? | K; = 
4% ,, -9t | K = 
ce » - bte? Ki = 
cd? ,, – 308c? Ky, = 
LE] — 00 Ky = 


Where no reduction is 


v= 
11 | 2 2520? 
2еў .,354е 
di ,, 10bce? 
eh ,, 20еа2 
с, 16c?h ,, – 70b%e? 
fg 5, 1600248 
cef ,,—2bc7d? 
CD cdg ,, 4b?cd? 
dif ,, 8bc^ 
1968 ,, – 200542 
de? ,, 184764 
a "9 ede ,, 2b5c3 
са ,, 6b7c? 
cid ,, 20 
DE 12 m оф 4629? 
QD 8ck ,, 42cf? 
ei ,, 15e 
154) ,, 87802/2 
25fh ,,-175bde? 
са-1, P n 125076? 
Е? eeg o dt 
CG, Ci ,, Б02се?2 
CG, 54% ,, 20bcd? 
0, cf? ,, 20890? 
——— 4cdh ,, 850463 
18def ,, 800242 
EET 
с2е2 ,, сб 
1(2CH — 7,-7Ј,) ШЕТЕЛ; 
4 (EF - 2) сФе ,, 3b?c5 
DG, 3cdf ,, 100842 
DG; аъ „дь 
CD ce ,, – 383 
сЗа? ,, 8483 
c& ,, pa 
CI-K, 
4 (16EG - K;) 
CI, 
EG, 
Cl, 
EG, 
са, 
C?G, 
6, 
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- DI+L,+23L, 
SCF, - Is 

- gy (FG - Lj) 
DI, 
4 (FG, - L;) 
=Di,+8L, 
DE? 

ора, 

CDG, 
сїр 


3CK - м, 


dy (25EI- 25M, - 4M,) 
т (G2 - Mj) 

CK, 

-8GG,-- BEL, - 2M, 
GG,- M, 

CK, 

т (10CK, — 160M, — 32M, + 54M) 
$(9CK,— 9M, - Mya) 
G? 

CI, 

EI-M,, 

ск, 

аҙ 

CG, 

OG 


— 


given, the form is irreducible, ie. it is a perpetuant. 
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63. As to these reductions, it may be observed that in very many cases we 
have the sharp seminvariant given as an actual product Е, = 0°, Р, = CD, 6,- 05, &c. 
We have next other reductions such as G,=CH—G,, where on the right-hand side 
there is a single product; this has a final the same as that of the seminvariant 
which is to be reduced, so that, eliminating this term from the seminvariant and 
product in question, we have an expression which must be a linear combination (with 
numerical coefficients) of the preceding seminvariants of the same weight. To take 
a less simple example, L; = — DI + Г, + 2L,; here Г, = — fg + l6ch ... — 70092, and 
DI — (d —3bc + 20%) (1... + 35е) has the final +700’. The verification is 


— DI =- di 2.- 700e 
+I, = di-2h+ fy 
p. = 2e], — 9/у 

І, = — fg... — Tbe. 


The only case in which we have on the right-hand side two products is (d’g со bed»), 
М,--866,--5Е1,-2М,; viz. here the final of М, is bed? which is incomposite 
(viz. it is not the product of two power-enders), this is in fact the first instance of 
а quintic seminvariant with an incomposite final and which is nevertheless reducible. 
For observe, the next seminvariant M, has the final c?d?, which is a product in the 
two ways cC.cd? and с°. 0°; we have thus the two products (е оо с?) (сӯ оо сй?) and 
(ce оо с?) (9 © d?), that is, EI, and GG, with the same final cd’, and combining them 
so as to eliminate this term we have an expression having the final bcd’, and 
which is thus expressible in terms of М» and preceding seminvariants: the verification is 


— ЗСС, = — 3ceg + 840 ... + 60bcd*? — 30c*d? 
+ 5Ё1„ = + 5ceg | — 40bcd* + 30ed? 
— 2M, -- 2ceg + 2cf? + 2d?g 

M, = 2cf? + 5d?g ... + 20bcd*. 


64. I annex to this a table (taken from the square diagrams) for the initials 
and finals of the sharp seminvariants for the weights 13, 14, 15, and 16. 
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w= w= w= 
13| n o@ bg? N 15 : оо ch? Р 16 ч 
cl, df? N, A » dg? P, go еМ Q 
dk „з |, ea nf : em 5, eg? 3 
% » y 4 dm ,, beg? А dn Я bh? i 
i „cde ^2 
ej LU |. "pe LIE (1 MM 
gh „bde | , сеј 5 de s cek ,, cit и 
ceh ра 8 el , 080? Mum cef? : 
ФА ,bd* |, dj „маз |, iG " 
cfg , cd 10 hi „bef? cgi A " 
cdi ,, b*ce? 11 cfi ,, ӛсе? = cm 2; beg? кі 
deg „bod | ы coh „фе |05 k 5, be 3 
df? ,, bc ; ТЕ Б» деј > bedf? |3 
ch | Ь5е? ж e h » d s 13 аў, » 13 
ef UP | i ЖИЛЕ ei ef? E 
c?ef J b?c?d ji dei , pe 15 ch? » ci 15 
єй] ,, 86 17 Ceh ,, Pede? s dgh 72. sis 
c*dg ,, b5cd? 18 ад? bc?e? ы cdl 5442 ы 
cde? ,, b9c5 19 efg ә beds е dej © Vd $ ҰЗ 
cif , bd? cfg ,, са? Ж cei ,, bef? 4 
die.) 254 : go. T ЖИ” ыж 
cede ,, bc " eh ,, bide? а eg? ” 24202 a 
edP ,, 09е 5 cath а | 2 cifh ,, bede | z 
с? ыз 24 odeg » bids 3 °4 cg? ba 24 
ИС 1 nA his 25 £g » oe 25 
U| o wh? 0) іі; "we e phe » 
e" e 0, dig , bed! |с» саз 2) bte il 
deu NE. MDC s n 12% 
fj ЕТТЕ 4 “4 m м 4 30 сај » bic A 30 
po мәр { eer e к ов |” 
cei ,,66 ? des” Ped? »" f? ,, cd? » 
n ,» die? c?de? ,, 196 A 24, = bs 
c?k bef? Т nur 34 са), 34 
„› cf 9 c?dg bcd? Bh рде? 
ач „бе? 10 cde : b5c5 : c3e s bic?e? ы 
cfh ,, bede? i Sf, Da " e 5 ridé " 
cg? ,, ce? 2s ҒИ, Е daf > vera | 4 
dfg » cd* 13 c*de „ poc? 5 , b?c4d? 2 
ep. Uf? n edP. pue е КУ н T а 
deh ,, bde? i Sd . [5 = BM. 21. Mast rd 
e3g- ,, b*c7e? 16 NA T c?d?g 5 аа? = 
ИЕ 2. | а 
ч ” 18 сае с 
yn » wit 19 pe, : i ve 44 
cdg „Мей | ш 44 ^ em Ф 
ME 2d 
” 4 с [d 
or $5 a i сфе » y 49 
E d 0, 
Фа >, моф i a 3 ef и 
eV, bet $ сбе 0103 өх 
dig ,, D8cd? м cid? |) ыз " 
cde ,, bt а e 016 е 
cdf „00 | а 3 % E 
cdi у, Dci м Sco ae 
Oe. ye s 
cid? .. 0192 x 
85:7; B 5 


It would be interesting to complete this into a table of reductions as given for 
the weights 2 to 12. 
с. XIII. 40 
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The Strohian Theory Resumed: Application to Perpetuants. Art. Nos. 65 to 71. 


65. We can by means hereof establish, in regard to the specific blunt semin- 
variants, a general theory of reduction, or say a theory of the relations which exist 
between the seminvariants of a given degree and the powers and products of semin- 
variants of inferior degrees. To exhibit the form of these, it will be sufficient to 
take О a sum of two parts, =Q + О”, but the more general assumption is Q a 
sum of any number of parts, = O'-- О” + 0 +.... "Taking then Q=Q +Q”, where 
for the Q’ and Q” separately the sum of the (2, y, z, ...) is =0, suppose that to 
the (0, C, D, E, ...) of О there correspond (0, О”, D', Е’, ...) for О and (0, C", 
D", E", ...) for OQ". We have 

С = О' + О”, 

D=D +D”, 

Е-Е- RU GU. 

F ды P + p + Dr ++ ӨЗ); 

G аш G' T G" + СТА: СЕ + үйр 
the law of which is obvious. 


66. We have, for instance, 
O4=(0' +0"), =Q + 6020" + OQ, (since О/ = 0, О” = 0), 


that is, 
(C + C"^y e = О? + 60b. C” + Ce 


TG'-ME"MC'C")b + ED + Eb! 
where, and in what follows, c, bt, b? are for shortness written instead of [c] [0], 


[b°] to denote the specific blunt seminvariants ending in œ, bt, 0° respectively. 


The terms in C^, 0”, Е’, E" are identical on each side of the equation and 
destroy each other: omitting these, we have only the terms in C'C" which must be 
equivalent on the two sides of the equation, and comparing coefficients we find the 


relation 
2c? + b'=6. b. 0, 


which of course means 2[c*] + [b^] = 6 [0°] [02], viz. this is 
2 (2e — Sbd + 6c?) + (— 4e + 16bd + 120 — 480% + 240%) = 6 (— 2c + 2b)? 


In like manner, for 0° 2 (Q' + О”), we have 


(€ +0”) E 
+(0 + Dy (e 
+(0'+0")(E'+E"+C0'O") . bei 


+ (6” + G" als CE” + О”Е' + ЮР”) ^ рв 
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equal to 
C^ ,d'i-415 C^. e €". 02+ 20Р, „0°. D”.b 4-150, 6° Соты С” 
+D ‚е | " B. мі n E". 3 +D .e 
Е C'E'. d МИЛЫ 
CGU b ке”. | 


Here omitting the terms which destroy each other and comparing the coefficients 
of the remaining terms, viz. СС” + СС”, D'D" and C'E” + C"E', we find the relations 


3d* + bc? = 15 .с°. 02, 
96 + 6% = 90. 62. D, 
рро + 1% = 15.54. 6, 
which may be easily verified. There are on the right-hand side only products of 


two parts, but this is on account of the special assumption О = Q'4 О”, a sum of two 
parts. 


67. I write now 


Q, = ax + By y Soa = 0, 
О, = ax + By + yz | , Sv = 0, 
О, = az + By + yz + дш , Әш = 0, 
Q, = ax + By + yz + ди + et , 8,20 = 0, 


О, = ax + Ву + yz + òw + et + ќи, 8,2 = 0, 


and I say that О, and О, cannot break up: but that О, breaks up if it becomes 
a sum of 2+2 terms (ie. a sum of two parts О, for each of which 8,2--0, and 
so in other cases): that ©, breaks up if it becomes a sum of 2+3 terms, О, 
breaks up if it becomes a sum of 2+4 or 2+2 + 2 terms, or if it becomes a 
sum of 3 + 3 terms: and similarly for any higher suffix. 


The condition that О, may break up is #+у=0, 2+2=0, or y+z=0, or what 
is the same thing it is П,(2--у)- 0, where Il,(z--y) is the product of the three 
sums each containing z; this is a symmetric function, we in fact have 


II, (а + y) =a + à? (y +2 + w) - & (yz + уш + zw) + угш, = az + aw + szw + угш, =—D. 


The condition in order that О, may break up is z-- 3 —0, ..., or w+t=0, say this 
is IL,(z4- 3) 20, where Il (2 + у) denotes the product of the ten sums 2+7, ..., w+t. 
It wil be shown that we have Il, (z-- y) 2 — DE + CDF — Fe., 


The condition in order that О, may break up is 2--у-д, .., or t+u=0, 
or again if 2--У--2-д, ..., or e+t+u=0, viz. it is Il (z - y) I, (v - y - 2) = 0, where 
Il,,(@+y) is the product of the fifteen sums 2 +7, ..., ¢+u, and Il (z--y--z) is the 
product of the ten sums w+y+z, ..., 2+ф+ ми, each containing 2: П,(2--) and 

40—2 
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П, (2+0 +2) are symmetric functions, the expressions for which will be given further 
on: the weights in the capital letters are 15 and 10 respectively. And similarly for 
Q with any higher suffix, we have the condition that this may break up. 


I introduce the factors Ile = E, IT,z = — F, П,2 = G, ... respectively and write for 


о, М, = ell, («2 + y) 2 – DE as above, 
0, М, = ILall, (£ + y) = — F(— DE + CDF — F’) as above, 


Q, М» = П,21П,, (2 + y) Hs, (v +y + 2), 


where observe that, for the even suffixes of О, the last factors П, (2+ у), IL, (z 4- y +2), ... 
denote the products of the sums #+y, «+y+z, ... which contain a, that is in each 
case the products of only half the whole number of such linear factors. The suffixes 
of M show the weights in the capital letters C, D, E, F, G, ... viz. these are 
4+3, —7, 5 +10, =15, 6--15--10, =31, and so on; the law is obvious, and for 
Q, the weight is = 2%: — 1. 


68. To explain the Strohian theory of perpetuants, I assume explicitly as presently 
appears. For perpetuants of any given degree б, we consider in Q;”(w=6 at least) 
the terms containing seminvariants of the given degree: for instance when 6=4, w= 12, 
these are 


CE bf 
+ СРЕ . bde 
+ OE? „се 
+E d, 


where the capital expressions all contain as factor the letter У of the weight 4. 
By making Q to break up, it is assumed that we obtain all the reductions of the 
seminvariants of the degree and weight in question; and every such seminvariant, if 
it be reducible, will be reduced by means of the resulting formule. Now there are 
seminvariants which are not reducible by these formule: in the example just 
considered, the seminvariant bde has the coefficient СРЕ containing the factor 
DE, = жугш (ж + y) (ж + 2) (2+ w) which vanishes when О, breaks up; so that, supposing 
О, to break up, the seminvariant bde? disappears from the formule, and we have no 
reduction of this seminvariant. And again it is assumed that every seminvariant 
which does not in this way disappear from the equation is reducible. The irreducible 
seminvariants are thus the seminvariants which, when О breaks up into a sum of 
two or more parts, disappear from the formule; viz. the seminvariants which thus 
disappear are the perpetuants. 


69. In the case considered‘ of quartic seminvariants, it has just been seen that, 
for the weight 12, 04е is a perpetuant; and so in general for the weight w, every 
quartie seminvariant, multiplied into a product of capitals which contains the factor 
DE, is a perpetuant: for the weight 7 the only term is DE£.be*, viz. the product 
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of capitals is here — DE; and for any higher weight w we have products which 
are equal to DE multiplied into products of the weight w—7 in С, D, E: and we 
thus see that the G.F. for quartic perpetuants is = 4? ~ 2.3.4. 


70. For quintie perpetuants, we consider in 0,”(w=5 at least) the terms which 
contain quintic perpetuants; for instance; when ш = 15, the terms are 


Gur ubt 
+ СРЕ. ау: 
+ CEF . bef? 
+ DEF . bce’ 
+ СЕЗЕ . Ье? 
+ CDF’ . ede 
+ Р .@, 
where the functions of the capitals all contain the factor F; the finals 020°, 
бау», ... are arranged in AO. Supposing Q, to break up, we have ап expression 
M, =— DEF + CDF? — Рз, which is =0, and using this value of M to eliminate the 


term РЕР which belongs to the seminvariant bce, the final whereof is highest in 
AO, viz. writing DEF =— М + CDF? — Ё?, the expression is 


ӨР b'g that is OF 250 


+ ODF. рау? + ODF . bdf? 
+ CEF . bef? + CEP .bef? 
+(— M + CDF? — F».bce EM . Ье 
+ СЕ?Р .bde + СЕР . bee 
+ CDF? . cde + CDF? . (ede + bce?) 
КҮЧ + Р .(Ф-Юоө); 


and here when О, breaks up, we have = 0, that is, the seminvariant bce’ disappears 
from the equation, and it is thus a perpetuant: but b'g’, baf’, bef? and the com- 
binations се? + bce, and d’ — bce are severally reducible. 


The degree 15 is evidently the lowest degree for which there is an irreducible 
quintic seminvariant, and for any higher weight w the number of such seminvariants 
is equal to the number of capital terms which have the factor РЕР, viz. this is 
equal to the number of terms weight w — 15 which can be made up with C, D, E, F; 


and hence 
for quintic perpetuants G. Р. = 2° - 2.3.4. 5. 


71. For the degree 6, M = П,2П,, (z + y) П,(2+у +2) is a function of the capitals 
of the weight 31, and we thence at once infer that 


for sextic perpetuants G. Р. = 2 —-2.3.4.5.06. 
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But it is worth while to write down the expression for M: I do this, annexing to 
each term the seminvariant (ie. final term) which belongs to it, arranging these 


final terms in AO; the value thus arranged is 


М = 


It thus appears that the 


The like reasoning shows that. 


+1 
—2 


T4 


DE? FG 
CD*EF*G 
C DEG 
РЕР 
CDF*G 
FG 
DEC 
CDFG 
СІЗЕКС 
D'EVO: 
CDFG: 
DEAG 
СТЕР"? 
Cope 
ErG 
CD 
DEG 


finals in AO 
beet? 
bdehi 
beg? 
befh® 
bf?gh? 
bg” 
ede 
cd?hi? 
cdeg?? 
саў! 
cef? 
ceh’? 
cefgh? 
of *h? 
cfg 
а^ 
deh’. 


single sextic perpetuant of the weight 31 is 
generally that, for any higher weight, the sextic perpetuants are such that the 
conjugate capital terms contain each of them the factor D*E*FG. 


for perpetuants of degree n, G.F. is = 2"'1- 2.8.4... п. 


bce?, and 


Investigation of the Values of the Foregoing Functions Wy(#+y), Пь(е--у) and 
Пь(+у-+). Art. Nos. 72 to 74. 


(as df aou 


vc? 


z, w, t are the roots of a quintic equation, say 


Х-2.Х-у.Х-2.ХА-ш.А-іс-(1, В, 6, В, Е, FR, ly -0, 


we require the product П, (2 + у) of the sum of two roots in the particular case 
В-0. But in order to the determination of the expression for Il, (z--y--2) we 
require the value of Il, (2+7) in the general case, B any value whatever. 
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Writing 
--%(0--ө), 
д, ыас i (0 77 w), 
and therefore 
0-- 243-0, 


we have 
(0+ oy — 2B (0+ о) +40 (0+) — 8D (0 4- o)? + 16E (0 +) – 32F = 0, 

and the like equation with — w for e. Hence writing e? — M, we have 

(65 — 2B8* + 400° — 800° + 160 — 32F) + M (100° — 12B@ +1200 — 8D) + M? (58 — 2B) = 0, 

(564 — 8B6* + 1206? — 1600 + 16Е) + M (100? — 8B0 + 4C) + M?.1=0, 

which are of the form A + BM + CM?=0, A'-- В'М --C'M?—0, and give therefore by 

elimination of M the equation 
—(CA' — C'Ay + (BC — B'O) (AB — A’B)=0; 
the left-hand side is here a function of @ of the degree 10 vanishing when 0-r 4-4 y = 0, 


and which must therefore be, save as to a numerical factor, the product П, (0+ 2+7). 
And we thus find 


IL, (0 +2+ y) 

me di ( LA е 72D ШЫ 64E \ 0+ /—32BE\)? 
+ 16В° — 94BC + em \+ 82Р ) 

Жыш pl 8C nes 8D ) 406’ — 119.B& + E 6. 
+162? —-8BC/]|* E 80? 

Е 120D ) &+/ ОЕ @+/ 320F N 6+ /—256BF 198CF 

+ \_ 20080 41 1922D -64ВЕ +1980Е cam т А ; 

+1280? — 59600 — 128D? 


which is 
= 10240" +... + 1024 (— F? + CDF + 2BEF — BC?F — РЕ + BODE), 


and which therefore for В = 0 gives 
IL, (£ + у) = — F? + CDF — DE. 
73. Suppose now 2, y, 2, w, t, w are the roots of a sextic equation, say 
OXA—g.X—y.X—2.NX —w.X—t.X—u-(1, B, C, D, E, F, EF, 1p = 


Considering here the product П,(2--у--2) of the sums of 3 roots, if B=0, this 
will be a perfect square (for each sum 2--/--2 is equal to — а sum (0 +#+ и)) say 
it is the square of Il,(z--y--2) where the 2--/--2 refers to the ten sums each 
containing а, and we wish to find this function I],(#+y+z). Writing for the 
equation whose roots are y, 2, w, t, %, 


XA—y.AN—2.X—w.X—t.X—uz-(1l, В, С, D, Е’, FQ, Ly. 
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we have by what precedes П,(0--у--2)-а function (*ў0, 1)", viz. this is the above- 
mentioned function with В, С, D, E' Е in place of the unaccented letters. 
Introducing a new root æ and for X writing as we may do 6, we have 
0-2.0-у.0-2.0-ш.0-1.06-ч-(0-а).(1, В, С, D, Е, РӨ, 1y 
= (асс, Ж, God D 
that is, we have 


В-В- 0 or conversely, В -В- Ө, 


C - C — B 0-04 В+ 6, 

D= р — С'0 D =D+ 00+ ВӨ + 60, 

E=E'— 9 Е' =E+D0+00+BO+ б, 
К=Р—Е'@ F' =F + E0 + D + CÓ + В@* + 0, dum 
RUNE T 2] 


where I have retained В, but the value hereof is in fact =0. Іп the foregoing 
function (ж00, 1)° with the accented letters, writing for these their values B'= 6, 
С -С--6, D'2D--C0- 6, &c. which belong to В= 0, we find 


1024II,, (0 + y + г) = — (4865 + 56065 + 24D6? + 64E0 + 32Py 
+ (1665 + 800 + D) {1440 + 264005 + 7200: + 128 (C? + Е) 6* + 192Р0° + 128C E0 


+ 128 (CF — DE), 
which equation divides by 64. Writing herein 0 = 2, we have 


16IIL, (£ +y + г) = — (655 + 702° + 3D2? + Ех 4- &4Fy 
+ (2a? + Ол + D) (187 + 38Са° + 9 Da* +16 (C? + Е) а? + 24Ра? + 160 Ex + 16 (CF — DE), 
where 2° + Са* + Da? + Ег? + Fe-+ G is =0: the value ought, in virtue of this equation, 


to reduce itself to a mere function of the coefficients, and we in fact find that the 
equation is 

161L, (@ +y + 2) = (160° — 642) (а + Cat + Da? + Ег? + Ра) + 16CDF — 16D* E — 167^, 
reducing itself to 

— (160? — 64E) G T 16CDF - 16D* E — 16Р°, 
viz. dividing each side by 16, we have 
IL, (z +y + 2) = 4EG — CG — F? + CDF — РЕ, 
which is the required result. The equation (0%-1)-0, for which 
2, y, 2, Ш, tj и= 1, 1, 1, -1, -1, EL; 

gives a numerical verification. 


74. I find also, for the same value B=0, the function П, (2+ у). Writing, as 
before, 


а= — 1 (0 +o), 
у=— 5 (0 – о), 
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and therefore 
04-24 y —0, 

we have 

(0+0) + 4C (0+ o) — 80 (0+ oy + 16E (6+ oy — 32F (0+ о) 4-64G = 0, 
and the like equation with — w for e. Hence writing œ= M, we have 
(0° + 400 — 8D6* + 16E0: — 32 F0 + 64G) + M (1564 + 2400 — 2400 + 16E) 

T M? (150° + 40) + М? «0, 
(60° + 16C0* — 24 D0* + 32E0 — 32F) + M (200° + 1600 — 8D) + М. 60 = 0, 


say these equations are aM*+bM*+cM+d=0, pM*?+qM+r=0. Eliminating M, we 
have 


@ rt Ql, 
— ab. фт 0= 150 + 40, 
+ ac (– 2pr? + фт) c = 150: + 2400 — 2400 + 16Е, 
+ 0°. pr d= F+ 400 – 8р0 + 16Е0 — 32F0 + 646, 
+ ad (3pqr — Ф) 
+ be (— pqr) p= 66, 
+ bd (— 2p*r + pq?) = 206° + 1660 — 8D, 
+e. pr r= 60+ 1600 — 24D + 32E0 — 32F, 
— cd. pq 
+ 4°. р? = 0. 


The equation, as far as І have calculated it, is 
— 327680" —... — 32768 (— DG + P — CDF? + DEF) = 0, 
the left-hand side is here = – 32768П,, (z-- y); and we have therefore 
IL (2+ y) = — DG + F? — CDF? + РЕР, 

the required result. It may be remarked that, writing G = 0 and throwing out a 
factor — F, we have — F?--CDF-— ГЕ, which is the expression for II,,(#+y) in the 
quintic equation. 

We have 

П&гП» (a+ y) Ha (o y +2) 

= G {- DG + (F? — СРЕ + PE) F} (4E — С?) G — F? + CDF — DE}, 

the developed expression whereof is the foregoing value 


М = DEFO —2CD*EF*G + &c., ante No. 71. 
Co AWE Г 41 
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The Operators P— èb and Q – 20р. Art. Nos. 75 to 84. 


75. The analogous theory for non-unitariants is established, ante Nos. 24 et seq. 
For seminvariants, we have 
Р = д, + сд, + dO, +..., 
Q= cop + 240, + n 


or more definitely, if the seminvariant operated upon be of the degree 8, the weight 
w and extent c, say its highest letter is a,, =p, then 


P =фд„+ сь + dO, +... + q0,, 
Q- 00, + 200, +... + сф, 


P— 6, 0 – 200, 


operators each of them of the deg. weight 1.1, viz. each of them operating upon а 
seminvariant S of the deg. weight 6.ө gives a seminvariant S’ of the deg. weight 
8--1.o--1; moreover, a new letter q is introduced, or say the extent is increased 
from с to «+1. For the proof, it is only necessary to show that A(P-—08)S and 
A(Q—2bw) are each =0, but it is unnecessary to do this, as the like proof has 
already been given for non-unitariants. 


then we have 


The two seminvariant operators were first considered in my paper *On a theorem 
relating to seminvariants,” Quart. Math. Journ. t. XX. (1885), pp. 212, 213, [844]. 


76. We may, instead of Р-68 and Q-—2eb, consider the linear combination 
Y = 2w% (P — 0) — (0 — 2wb), that is 20Р – 0, which is of deg. weight 0.1, viz. it 
leaves the degree unaltered, while inereasing as before the weight, and also the extent, 
each by unity. And again, the combination 


Z = o (P — èb) — (Q — 29b), 
oP — Q — (еб — 2w) b, 


where observe that oP —Q, = 6%% + (с — 1) c0; + ... + 1p0, does not contain the new 
letter q; the operator Z is thus of the deg. weight 1.1 increasing the degree and also 
the weight each by unity, but leaving the extent unaltered. 


that is, 


There is a special case which it is important to attend to, we may have 
05-2о-0, viz. this is the case when the seminvariant operated upon is in regard 
to the letters comprised therein an invariant. Here the two combinations Y, Z are 
equivalent to each other, each of them is = од, + (с – 1) сь +... + 1р0,, which is ап 
annihilator of the seminvariant (invariant) operated upon. Hence in this case we 
cannot replace the original forms by the linear combinations, but must retain one 
(no matter which) of the original forms Р — 6b, Q — 2«b. 


77. We can, by means of the foregoing operators, starting from the quadric 
seminvariants c—U*, &c, derive in order the seminvariants for the successive weights 
d. dM D oos 
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Thus writing down the series of finals (in AO as before), 


р, b?, e, be, d?, bd?, e* QC, 


bt b p be cd? 
bie be ba 

b b ce 

be 

bic 

b, 


I proceed as follows, observing, however, that when the function operated upon is an 
invariant seminvariant we must instead of Z write Р- ôb. 


6% emerges, 0 = 20%, с? emerges, 00 = 20, d? emerges, bd?=Zd?, е? emerges, 
4-26 5-28 с-Ү be = Ze cd? = Y bd? 
|. be-Zb?  be-Zbe ed = Za? 
5-20 б = 20% с = Убе? 
bo = Zhe? 
bic? = Ze 
з= 20, 


viz. whenever the seminvariant to be obtained has a final containing 0, it is obtained 
by means of the operator Z (or it may be P—6b), but when there is no б then 
by the operator Y. | 


The seminvariants operated upon may be blunt or sharp, but there is an advantage 
in operating on the sharp forms as these are more simple, and we thereby obtain 
for the next superior weight forms more nearly approximating to the sharp forms. 
We do not however by thus operating on a sharp form obtain directly a sharp form; 
to do this, the form obtained must be modified by adding thereto a numerical multiple 
or multiples of a preceding sharp form: and thus the theory does not determine 
beforehand the forms of the sharp seminvariants. But making at each step the 
necessary modification (if any) we have thereby, when the sharp seminvariants of the 
next preceding weight are known, a very convenient process for the calculation of 
the sharp seminvariants of any given weight, in the AO arrangement of their final 
terms. Thus for the weight 10; kof? is taken to be known, the next two forms 
ci © сё and dh. be are calculated each from j оре, the expression for which is 


= j — 9bi + 20ch — 28dg + 14ef + 1602, — 56beg + 112047 — TObe. 
We have for 7 oo be, 6=3, о--9, с= 9: and therefore 
iY- 6b0q + 5сд, + 400, + беда + 2/0, + 99; — 190 — 2/0; - 3kd;, 


2-98, + 800, + 740, + беда + 5/2, + 4g0y + З, + 280, + jð; — 9b. 
41—2 
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78. I exhibit the calculation as follows: 


+ 256 


+256 
— 392 
+672 – 700 


ДУ (j obe) 


5 6 7 8 


— 168 
+448 


+-18 


[932 


1 
4 
8 
5 
1 
4 
4 
2 
4 
8 
5 


+98 
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The numbers (1, 2, ..., 9) and (1, 2, ..., 10) at the head of the columns refer 
to the nine terms 6b0,, 5cd,, ... of 1Y, and the ten terms 9b0,, 800, ... of 2 
respectively, these several operations being performed on (7 оо Бе?) the value of which 
is given above: the daggers + denote the additions which have to be made in order 
to obtain the proper initial term, viz. for the first + the added term is +3 (Е о f?) 
and for the second + the added term is + 32 (сї осе): the headings +70 and +—18 
explain themselves, and the columns headed with an asterisk * give the results, viz. 
the first of these is (ci оо се?) and the second of them is (dh оо be). As appears above, 
the value of the first of these is used in the second + column for obtaining that 
of the second of them. 


79. We may operate with P—6éb and Q—2«eb on a product (deg. weight 6. о) 
ST of two seminvariants S, T, deg. weights 2.0 and 8°. о” respectively, 6-0 + ô”, 
w=w +o". We have 


(Р 0) ST-S.PT --T.PS—(8& -8^)b5ST, =S (P —è"b)T + T(P — òb) 8, 
where (P— 80) S and (P—8"b) T are each of them a seminvariant. And similarly, 
(0 — 2b) ST = S. QT + T. QS — 2 (о + e") DST =K (Q—2o"b) T + T (Q— 20%) S, 


where (Q— 2e'b)S and (0 – 20) Т are each of them a seminvariant. That is, 
operating either with Р – ôb ог Q—2b on a product, we have a sum of products; 
and therefore also operating upon a sum of products (each product being of the 
deg. weight w.) we have a sum of products, each product in such sum being of 
the deg. weight о +1.8+1, and moreover of the extent с + 1. And instead of binary 
products, we may, it is clear, consider ternary, quaternary, &c., products. | 


The like theorem applies to the derived operators Y and Z, but as to Y there 
is a specialty to be noticed. We have 


Y. ST = 2w (P — 8b) ST — 8 (Q — 20) ST, 
= 2w {S (P — 8"b) T + T (P —8b) Sj — 6 (S(Q— 20"b) T + T (Q — 20%) S], 
= 8 {2% (P — 8"b) T — 8 (Q— 2o"b) T} + T {2% (P — 8b) T 8 (Q — 20’b) S], 
where the whole of the right-hand side as being equal to Y.ST is of the degree 
6, but except in the particular case [s = ы) -- A the separate products Sí } and 
ТІ) which occur on the right-hand side are each of them of the degree 6 +1. 


It is scarcely necessary, but it may be proper, to remark that we frequently 
combine by addition a seminvariant S of the deg. weight 8. with a seminvariant 
T deg. weight 5—e. of the same weight but of an inferior degree, but when this 
is done we regard the Т as standing for а*7, and as being thus of the same deg. 
weight 6.ө. We have 


(P — 8b) aT 2 a*PT + ТРа – (є + 8 —e) bw T, =a (P—-(0—6e)0] T+ T(P — е) а, 
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where (Р — eb) at =(e—e)b=0, and consequently (P — bò) aT = (P — (8 — e)b} T; viz. for 
the operation upon T, we regard P — ôb as standing for Р-(6-е)0. As regards Q, 
we have (Q — 2b) аТ = (0 — 20) Т; viz. the degree of T does not here present itself. 


80. We may write 
(2®Р —6Q) 8 = S', 


the new seminvariant S’ being of the weight о +1; hence also 
((2o + 2) P — òQ} . (29.P — 0) S = S", 
where S" is of the weight о +2; viz. we have an operator 
((2o + 2) P — 8Q) . {20P — 8Q], 


which, operating on a seminvariant of the deg. weight 5.@, gives a seminvariant of 
the deg. weight 6.ө--2. This is 


= (4? + 4o) (P? + Р. P) — (2w + 2) (PQ + P. Q) 208 (QP + Q. P) - (+Q. 0), 


where P? PQ, ОР and Q? are the mere algebraical squares and products, while P.Q 
and Q.P denote respectively P operating on Q апа Q operating on Р; and since 
PQ=QP, this is 

= (40 + 49) (P? + P. P) — (40 + 2) SPQ — 2 (w + 2) dP. Q—208Q. P + (0° +Q. 0). 


Recollecting that 
Р = 50, -- c0 + dO, + ..., © = Cb + 200, + ..., 


we have 
P P= Dit dd, +, 
P.Q = dd, + 260, Fossey 
0.Р= сд, + 202 2-360, +...,=P.P4+P.Q 


0.05 1.9% 9.54... 


and attending to the relation just obtained Q@.P=P.P+P.Q, we find that the 
operator may be written 
(4o? + 4o) {P?-(5-1) P. P] 
— (4w -2)8(PQ—oP.P—1(86—3)P.Q) 
+ 8 [0+ Q.Q—4(40+ 2) P.Q}; 


in fact, here the terms in P?, PQ, Q@ are in the original form, while those іп 
EOP,P.Q QUO dta 


(40° + 49) (1 2 8) P. P + (4o? + 29) dP. P — 4 (40 -2) (6 —88) Р.0+20.0 
+4 (40 + 2) 2° P.Q, 
= (4o? + 4w — 208) P . P — (4o + 2) 8P .Q + 9Q.Q, 
agreeing with the original form 


(4o? + 40) P. P — (20-2) P. Q—298 (P .P + P. Q) - 80.0. 


which are 
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81. I find that each of the three parts is separately an operator, viz. that we 
have 


pi— (8—1) P. P, 
PQ—oP.P—4(8—3)P.Q, 
0+ Q.Q—3 (4o - 2) P. 0, 


each of them an operator which, operating on a seminvariant of deg. weight 8.@, 
gives a seminvariant of deg. weight ô. œ + 2. 


I verify this for the first of the three operators, say 


O=P?-(6-1)P.P=P?+P.P—8O, 
if for a moment 
Р.Р, = с, + do, + €0.+... 
is put = Ө. 


Here for a seminvariant S, we have 
OS =(P + P. P — 80) S = P (PS) — 808. 


Writing S’=(aP—bé)S, then S’ is a seminvariant, degree =6+1, and then if 
S" — (aP — b (8 -- 1)) S', S" is a seminvariant, degree =6+2. We have Р = а! (8' + 085), 
and thence 


QS — Pa? (S' + 585) - OS, =—b(S' +028) + P (S' + 0858) — 608. 
Here 
P (S' -- 568) = PS’ + c68 -bG6PS, — S" -- b(86-- 1) S' +cdS +0 (S + 085), 


‚апа hence 
OS = S" + 2b8S’ + (c6 + b? (8 — 8)} S – 998. 
This will be a seminvariant if A.OS = 0 ; we have 
A. QS = AS" + 2b6AS' + {cd + 0° (8—8)) AS- 6(АӨ+А.Ө)5 
+ 26S’ + {202+ 20 (—8) S, . 
or, omitting the terms in AS”, AS’, AS which respectively vanish, this is 
= 258’ + 2585 — ô (AO + A. Ө) 8. 
But since PS=8’+bdS, and from AS=0 we deduce 0=(ӨД + Ө.Д) 8, the equation 
becomes 
A.Q08228P8—8(A4.0—0.4)8, 


and from 


А = ad; + 200, + 3cdg+..., 

Ө= сда + dày + ед, + ..., 

 А.Ө= 20, + 360, + 409, +..., 
Ө.Д = с0, + 200, + ..., 


we have 
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and thence 
A.@—@.A = 0, + 2с, + 2dd,+..., =2P, 


and we have thus the required equation A. 08 = 0. 


82. If instead of Р, Ө, we write В, С, so that 
В = bo, + сдь + do, + ..., 


С-В.В- сд, + d&+ ед„+..., 
and put further 
D=B.C= do. e%+ f0.4..., 


E=B.D= Cat fort 90. ..., 
then the foregoing operator is В#—(8— 1) C, or reversing the sign, say it is (6—1)C — В”, 
which is the first of a series of operators 
(5-1)0-В-, 
(ô — 1) (è — 2) D—3 (6 — 2) BC +25, 
(è — 1) (ò — 2) (6-3) E — 4 (ô — 2) (è — 3) BD + 6 (6 — 3) PC – ЗВ:, 


which are of the deg. weights 0.2, 0.3, 0.4, &c., respectively, viz. operating upon a 
seminvariant of deg. weight 8.« they leave the degree unaltered, but increase the 
weight by 2, 3, 4,... respectively. 


It is to be observed that 2°, BC, B», &c, denote the mere algebraical powers 
and products of the symbols В, C, D, &c. without any operation of one symbol on 
another. 


As a simple illustration, take (C— B?) (ac — Б): here, 
C (ac — b) 2e—2bd + c 
-В--(2%400--с<99( , ) — 2bd + 2c 
Value is e — 4bd 4- 30; 
and similarly for (C — B?) (ae — 4bd + 3c?), here : 

C (ae — 4bd + Зе?) =g —4bf+ (6+ 1)ce— 4d? 
— B? = — (2bf0,0, + 2се0,04 + d*02) ( 5 ) -2bf + 8 ce— 6d? 
Value is g—6bf +15 ce—10d?. 


| А direct proof may of course be obtained for any one of the foregoing operators; 
viz. calling it ©, it may be shown that AQS is =0. I have not considered the like 
question of the derivation of series of operators from the other two forms 


PQ—eP.P—$4(5—3) P.Q and @+Q.Q-4(40+2)P.Q 


respectively. 
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83. I do not wish in the present paper to go into the theory of covariants, but 
it is nevertheless proper to point out the connexion which exists between the covariant 
theory of derivation and the operators P and Q. 


Consider a quantie (a, b, c, ..., à =a ha, y)”; any covariant hereof is (A, B, C, ... Yæ, уу», 
where A is а seminvariant say of degree 6 and weight, e — 4 (с'д – и), or n — o'8 — 20, 
reduced to zero by the operation A = a0; + 200, + ...-- o/b'0, : and if we write 


фе = c'bo, + (с — 1) cop +... + a Oy, 
then 
j B= ,A, С = }ф,В, D-21966, ... 
The derivative (f, F) is 


дь/`. д,Ё' — dyf -dF 

(4,20, ... уа, y) Bar pe 
2059, ... 0a, yy  nAo Е Li. 

(aB — ubA, ... т, y) +, 


that is, A being a seminvariant, we have аВ- ubA a seminvariant, or say 


(фу- шб) A = sem. p = с'д — 20; 
and similarly 
(фе — ub) А — sem. и = сд — 2o. 

Hence 
{фе — bor — (и — ш) b] A, and {сф — e$, — (o'p — ош) b] A 

are each of them a seminvariant: but 

Po = obda + (c — 1) c0 +..., 

bo = obo, + (c' — 1)сд, + Mer 

be — фе = (c — 9’) (0, + c +...) = (co— 0") P, p— ш (c — o) à; 
the first form, omitting the factor с — c^, is =(P — èb) A: similarly 
o ba — od, = (с — o^) (0; + 2d0, + ...) (c — 0) Q 
and 
o'p — cp = (с — с') 20, 
and the second form is 
= (0) – 20) А. 


We thus see that the operators Р – 80 and 0 – 20р upon а seminvariant A depend 
on the derivation of f upon a covariant which has A for its leading coefficient: the 
order of f is arbitrary, and we have thus two distinct forms. 


84. As an illustration, consider the quantics 


(1, 0, c, d, e, f o, yy, 
and 
(L 5, 6, d, e, f, go, yy 
o, ХІП, 42 
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each of these has a covariant the leading coefficient of which is 


A = f — 5be + 2cd + 8074 — 6Ье, 
viz. these are 


of + 5 |... шу)» and (|/ + gw as. Be, M, 
ce — 16 bf + 2 
ce — 19 
d? + 8 


d? + 6 


be — 9 
bed + 38 
о – 94 


be – 6 
bed + 44 
с —80 


and we find without difficulty 
(д © d?) (ce oo c?) (d? oo bc?) 


(А, Е) = — 16 -10 
(fas ERE ete — 16 
(Р-ЗМА- 1 -18 is. d 
(Q—-100)4-2 5 -74 – 20 


and thence 


(Р- 3b) A = (fa; Ғ)- (fi, F) 
(Q —105) A =5 (fa F) -6 (fi, Р), 


viz. we thus have P— 3b, and Q—10b upon / bc each given as a linear function of 
the derivatives (fı, №) and (/,, Ғ), where fi, f, are the quintie and the sextic 
function, and Р,, F, are like covariants of these functions respectively. 
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[The Tables for w — 13, 14, 15, 16 are given on the accompanying lithographed sheet.] 
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